Generalized global symmetries by Gaiotto, Davide et al.
J
H
E
P
0
2
(
2
0
1
5
)
1
7
2
Published for SISSA by Springer
Received: February 1, 2015
Accepted: February 1, 2015
Published: February 26, 2015
Generalized global symmetries
Davide Gaiotto,a Anton Kapustin,b,1 Nathan Seibergc and Brian Willettc
aPerimeter Institute for Theoretical Physics,
31 Caroline St., Waterloo, Ontario, N2L 2Y5, Canada
bSimons Center for Geometry and Physics, State University of New York,
Stony Brook, NY 11790, U.S.A.
cSchool of Natural Sciences, Institute for Advanced Study,
1 Einstein Dr., Princeton, NJ 08540, U.S.A.
E-mail: dgaiotto@gmail.com, kapustin@theory.caltech.edu,
seiberg@ias.edu, bmwillett1@gmail.com
Abstract: A q-form global symmetry is a global symmetry for which the charged opera-
tors are of space-time dimension q; e.g. Wilson lines, surface defects, etc., and the charged
excitations have q spatial dimensions; e.g. strings, membranes, etc. Many of the proper-
ties of ordinary global symmetries (q = 0) apply here. They lead to Ward identities and
hence to selection rules on amplitudes. Such global symmetries can be coupled to classical
background fields and they can be gauged by summing over these classical fields. These
generalized global symmetries can be spontaneously broken (either completely or to a sub-
group). They can also have ’t Hooft anomalies, which prevent us from gauging them, but
lead to ’t Hooft anomaly matching conditions. Such anomalies can also lead to anomaly
inflow on various defects and exotic Symmetry Protected Topological phases. Our anal-
ysis of these symmetries gives a new unified perspective of many known phenomena and
uncovers new results.
Keywords: Global Symmetries, Wilson, ’t Hooft and Polyakov loops, Topological States
of Matter, Anomalies in Field and String Theories
ArXiv ePrint: 1412.5148
1On leave of absence from California Institute of Technology, U.S.A.
Open Access, c© The Authors.
Article funded by SCOAP3.
doi:10.1007/JHEP02(2015)172
J
H
E
P
0
2
(
2
0
1
5
)
1
7
2
Contents
1 Introduction 2
2 Preliminaries: ordinary symmetries 5
3 Higher form symmetries: kinematics 9
4 Examples of higher form global symmetries 12
4.1 U(1) gauge theory in 4d 12
4.2 Non-Abelian gauge theory in 4d 14
4.3 Discrete Abelian gauge theories 16
4.4 3d Chern-Simons theory and ’t Hooft anomaly 18
4.5 6d (2, 0) theories 20
4.6 Higher-form global symmetries without gauge fields 22
5 Spontaneous breaking of higher-form global symmetries 22
5.1 U(1) gauge theory 23
5.2 ZN gauge theory 25
5.3 SU(N) gauge theory 25
5.4 PSU(N) gauge theory 26
6 S and T transformations 27
7 Applications 32
7.1 Selection rules 32
7.2 Phases of 4d gauge theories 32
7.3 Topological phases protected by one-form symmetry 34
7.4 BPS domain walls in SU(N) SYM 37
A The Zn × Zm Dijkgraaf-Witten theory in 2d 39
A.1 The bulk theory 39
A.2 Canonical quantization on a cylinder 42
A.3 The system with a boundary 43
B Zn topological 2-form gauge theory in 4d 47
C SU(N)/Zk 51
D Super Yang Mills with adjoint matter 54
E Non-Abelian gauge theory on non-spin four-manifolds 55
– 1 –
J
H
E
P
0
2
(
2
0
1
5
)
1
7
2
F Non-commuting fluxes 56
1 Introduction
The study of higher-form gauge fields is by now standard in physics and in mathematics.
In the physics literature such gauge theories were first discussed by Kalb and Ramond [1]
and were used extensively in lattice gauge theories following the work of Villain [2]. The
analysis of electric and magnetic charges of such gauge theories started in various contexts
by [3–6] and found a natural setting in supergravity and string theory. In the mathematical
literature higher-form gauge fields are known as Cheeger-Simons differential characters [7]
or Deligne-Beilinson cocycles [8, 9] and they have many applications.
The purpose of this paper is to explore the consequences of such global symmetries [10,
11] rather than their local gauged versions. Here the charged objects are not particles, but
higher dimensional branes. Similarly, the charged observables are not zero-dimensional
local operators, but higher dimensional objects. Similar ideas have been considered in [12].
Logically, such global symmetries should be discussed before they are being gauged. In
fact, as we will see below, often these global symmetries have ’t Hooft anomalies and hence
they cannot be gauged. Furthermore, as with ordinary (q = 0) gauge symmetries, the
higher-form generalized gauge symmetries can be ambiguous. The same physical system
can have different presentations with different higher-form gauge symmetries. On the other
hand, higher-form global symmetries are unambiguous. They lead to Ward identities,
organize the spectrum into representations of the symmetry, etc.
It is common in string theory to have charged branes. These branes differ from the
objects we will discuss in two respects. First, they are dynamical objects in the theory,
while we will focus mostly on operators that represent external probe branes. Second, in
a theory of gravity just as ordinary global symmetries are absent, higher-form symmetries
should also be gauged (see e.g. [13] and references therein).
When the symmetry is continuous there is a Noether current, which is a high spin
current. Some familiar examples of such symmetries and the corresponding brane currents
are known in the study of the supersymmetry algebra and BPS states (see e.g. [14] and
references therein), but to the best of our knowledge they are rarely discussed as global
symmetries.
In order to avoid confusion we should clarify our terminology. First, for extended ob-
servables (lines, surfaces, etc.) we will use the phrases operator and defect interchangeably.
When the spacetime manifold is of the formMd−1×R orMd−1×S
1, it is natural to refer
to the factor of R or S1 as (Euclidean) time. In that case, when the extended observable
is placed at a given time, it can be interpreted as an operator acting on a Hilbert space.
Alternatively, when it is stretched along the time direction, it is not an operator in the
theory, but a defect — it describes the same theory with a different Hilbert space. Since
our view will be mostly Euclidean and we will view these observables as insertions in the
functional integral, we will use the terms, observable/operator/defect interchangeably.
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Second, the standard terminology of observables suffers from an ambiguity. Often, the
definition of observables depends on a choice of lower codimension objects they are attached
to. A well known example occurs in the Ising model. The spin operator is a local operator.
The disorder operator needs a line connecting it to another disorder operator. For zero
magnetic field the dependence on this line is only through its topology and therefore the
disorder operator is sometimes also being referred to as a local operator. In order to avoid
confusion, following [11], we will refer to operators, like the spin, which are independent of
the choice of line as genuine local operators. A similar comment applies to extended observ-
ables. Consider for example an SU(N) pure gauge theories (without matter). The Wilson
line is a genuine line operator. But the ’t Hooft line depends on the topology of the surface it
bounds. On the other hand, in the PSU(N) = SU(N)/ZN gauge theory the ’t Hooft line is
a genuine line operator and the basic Wilson line needs a topological surface attached to it.
Our presentation of global symmetries will not rely on an underlying Lagrangian.
Instead, we will characterize the charges and the charged objects as abstract operators.
This gives an intrinsic description of the symmetry, which is valid even when there is no
Lagrangian description of the theory, or when there is more than one Lagrangian (as in
duality). Also, as we will see, sometimes the charge does not have a clear action on the
fundamental fields, but the corresponding charge operator still exists.
Specifically, a q-form symmetry in d dimensions is implemented by an operator asso-
ciated with a codimension q + 1 closed manifold M (d−q−1),
Ug(M
(d−q−1)) , (1.1)
where g ∈ G is an element of the symmetry groupG. The fact that this is a symmetry means
that the manifoldM (d−q−1) can be deformed slightly without affecting correlation functions
— the answers depend only on the topology ofM (d−q−1). Such operators can be multiplied
Ug(M
(d−q−1))Ug′(M
(d−q−1)) = Ug′′(M
(d−q−1)) (1.2)
with g′′ = gg′ ∈ G.1 As we will see below, for q > 0 the symmetry group G must be
Abelian. The charged objects are operators supported on q-dimensional manifolds V (Cq).
The dependence on Cq is not always topological. Below we will explain it in more detail
and will present several examples.
Such higher-form symmetries are important in the context of duality, where several
different Lagrangians describe the same theory. In such a situation the gauge symmetries
of the dual descriptions do not have to match. But the global symmetries must match.
We claim that the same is true for higher-form global symmetries. The various dual
descriptions should have the same such symmetries. And the charged operators in the dual
descriptions should also match. Indeed, the analysis of [15] demonstrates such mapping
between charged lines in dual theories. This nontrivial matching of operators is particularly
impressive because the charged objects are not BPS.
1More generally, topological operators can have more complicated products. For example, we can have
a linear combination of operators on the right hand side of (1.2). Here we limit ourselves to the set of
topological operators with products like (1.2). It would be nice to understand the general conditions on
such operator products.
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Many of the known properties of ordinary global symmetries are true here. First, they
lead to Ward identities and selection rules of amplitudes. Second, it is natural to couple
the system to flat background gauge fields for these symmetries. This allows us to study
“twisted sectors.” For ordinary q = 0 symmetries this is common in the study of orbifolds
and in computing partition functions with various chemical potentials. The analogous
constructions for higher-form symmetries occur in the study of ’t Hooft twisted boundary
conditions and in related systems.
Concretely, we start with a gauge theory based on a simply connected gauge group G
and assume that there are no matter fields transforming under Γ, a subgroup of the center
of G. Then the system has Γ one-form global symmetry. We can consider the partition
function Za of a G/Γ bundle that is not a G bundles (a labels such bundles). The partition
function of the original G gauge theory is Z(G) = Z0. We interpret the partition functions
Za with fixed a as observables in the G gauge theory. They describe the result of coupling
the system to flat background gauge fields of Γ.
As with orbifolds, gauging these global symmetries amounts to summing over the
twisted sectors with some weights ha
Z(G/Γ) =
∑
a
haZa (1.3)
(and when the one-form global symmetry is continuous we might also allow nonzero field
strength). This leads to the partition function of the G/Γ gauge theory.2 Interestingly,
there is some freedom in the values of the constants ha. Available choices are parameterized
by discrete theta-parameters. This is a higher-form generalization of the phenomenon of
discrete torsion [11, 15, 16]. In fact, as we will discuss, the coefficient ha are meaningful even
in the untwisted G theory. Here they can be interpreted as contact terms, or equivalently,
as nonlinear couplings of the background gauge fields of Γ.
As with ordinary global symmetries these higher-form global symmetries can be spon-
taneously broken. One example of that, which we will discuss in detail, is the identifica-
tion of the massless photon as a Nambu-Goldstone boson of such a spontaneously broken
symmetry.3 Broken global discrete symmetries also have low energy consequences. Spon-
taneously broken ordinary q = 0 symmetries lead to domain walls. Spontaneously broken
higher-form global symmetry lead in the infrared to a topological gauge theory.
We will also phrase the classification of phases of 4d gauge theory using the language
of spontaneous breaking of one-form global symmetries. This will unify the Landau de-
scription of phase transitions with Wilson’s and ’t Hooft’s description of these phases in
terms of the long distance behavior of line operators.
Anomalies are important in the study of ordinary global symmetries. We will see that
higher-form global symmetries can also have anomalies. And the low-energy theory should
respect the ’t Hooft anomaly matching conditions for these symmetries. This is particularly
2Constructing the G/Γ gauge theory using gauging of higher-form symmetries is common in lattice gauge
theories [2].
3This is distinct from the suggestion of [17] that the photon is a Goldstone boson of broken Lorentz
symmetry.
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interesting for the unbroken part of the one-form global symmetry group. As we will show,
such anomaly matching can lead to interesting boundary effects and to long range order
on domain walls.
In section 2 we discuss ordinary global symmetries in a language that will make it easy
for us to generalize to higher-form symmetries. Most of this section will review known
facts, but we will also have some new points.
Section 3 defines higher-form global symmetries and explores some of their general
properties. Section 4 presents examples of theories and their higher-form global symmetries.
The discussion here focuses on the kinematics; we postpone dynamical considerations to
later sections.
Section 5 is devoted to the discussion of spontaneous symmetry breaking of higher-
form symmetries. We make various general comments and demonstrate them in several
examples.
Section 6 presents a series of operations relating different theories. These involve two
basic operations. First, we modify contact terms — equivalently, we add higher order terms
in background gauge fields of higher form symmetries. Second, we gauge these symmetries
by summing over these fields. These operations are similar to Witten’s operations involving
ordinary global symmetries in 3d [18].
Section 7 discusses several applications of these global symmetries. We point out the
selection rules that they lead to, the way they help organize the phases of gauge theories,
their anomalies, and the consequences of these anomalies.
In appendices A, B, and C we review and extend various points in [11], which are useful
for our analysis here. They focus on the continuum description of discrete gauge theories.
In appendix A we discuss the Zn×Zn 2d Dijkgraaf-Witten theory [19] with emphasis on its
broken and unbroken global symmetries and the effect on boundaries. In appendix B we
discuss a 4d topological gauge theory. Appendix C describes a construction of SU(N)/Zk
gauge theories using gauging of a one-form global symmetry.
Appendix D uses our interpretation of the confinement index to describes some of the
phases found in [20] using our language. Appendix E extends some of our general comments
to gauge theories on non-spin manifolds. Appendix F explains the relation of our work to
the noncommuting fluxes of [21, 22].
2 Preliminaries: ordinary symmetries
In this section we review ordinary symmetries and express them in a language that makes
the generalization to higher-form symmetries easy. In addition to phrasing many known
facts in our language, we will also present a number of new results.
Symmetry transformations form a group. If the group is continuous, for every contin-
uous generator there is a conserved Noether current, which we write as a d−1-form j. The
conserved charge is the integral
Q(M (d−1)) =
∮
M(d−1)
j (2.1)
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where M (d−1) is a d − 1-dimensional manifold. Typically M (d−1) is space and it can be
non-compact. More generally, it is a closed d − 1-dimensional space separating spacetime
to two regions.
It is useful to consider the symmetry transformation as an operator associated with the
manifold Ug(M
(d−1)) with g a group element of the global symmetry. In the continuous
case Ug(M
(d−1)) can be obtained by exponentiating Q(M (d−1)). Both for discrete and
continuous symmetry groups, we can define Ug(M
(d−1)) by cutting space-time alongM (d−1)
and inserting a group transformation in the complete set of states for the Hilbert space
associated to Ug(M
(d−1)). The transformations satisfy the group law
Ug(M
(d−1))Ug′(M
(d−1)) = Ug′′(M
(d−1)) (2.2)
with g′′ = gg′ in the group.
The fact that Ug(M
(d−1)) is associated with a symmetry means that the dependence
onM (d−1) is topological — it is unchanged whenM (d−1) is deformed slightly. It can change
only when the deformation of M (d−1) crosses an operator V charged under the symmetry.
Specifically, for a closed d− 1-dimensional sphere Sd−1 surrounding a point P
Ug(S
d−1)Vi(P) = R
j
i (g)Vj(P) , (2.3)
where Rji (g) is the representation of the group element g of V . For example, when the
group is U(1) the parameter g is a phase and Rji (g) = g
q(V ) with q(V ) the charge of V .
A special case of (2.3) is in canonical quantization with M (d−1) being the entire space.
Then, (2.3) implies the operator commutation relation
Ug(M
(d−1))Vi(P) = R
j
i (g)Vj(P)Ug(M
(d−1)) at equal time. (2.4)
Note that since this is an equal time relation the two operators are not space-like separated;
the lack of commutativity arises from the fact that the local operator at P is at the same
spacetime point as a point on M (d−1).
Equivalently, the operator Ug(M
(d−1)) introduces a discontinuity in the fields across
M (d−1) by the symmetry transformation.
It is also common to consider operators associated with open d− 1-dimensional spaces
Σ(d−1). Such operators are not unique. We can add on the boundary γ(d−2) = ∂Σ(d−1) an
arbitrary operator.
One way of thinking about these operators is to couple our original system to classical
background gauge fields for the global symmetry. Then, the operator associated with the
open manifold with boundary γ(d−2) can be described as a flat background gauge field with
holonomy g around γ(d−2). The flatness fails at the boundary γ(d−2), reflecting the fact
that one needs to specify additional information there to get a well-defined observable.
More generally, we can always think about a background flat connection for the global
symmetry as a network of Ug(M
(d−1)) defects.4 The flat connection is defined by partition-
ing the manifold into open sets Uα and prescribing transition functions gαβ in the intersec-
tion of two open sets Uα ∩ Uβ, constrained to agree on triple intersections Uα ∩ Uβ ∩ Uγ .
4Similar constructions have appeared in the study of 2d RCFT (see e.g. [23, 24]) and 2d TQFT (see
e.g. [25]).
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We can implement the gαβ transition functions by Ugαβ operators lying in the appropriate
intersection, joined at junctions of various codimensions. This description allows one to en-
code the coupling of the theory to a background flat connection in terms of the Ug(M
(d−1))
and their junctions. As we will see in examples momentarily, global ’t Hooft anomalies may
also be encoded in the absence of appropriate topological junctions for the Ug(M
(d−1)).5
We can also make this gauge symmetry dynamical. As the Ug(M
(d−1)) operators now
implement a gauge transformation, and all surviving operators are gauge-invariant, the
Ug(M
(d−1)) become trivial in the gauged theory. And the operators with γ(d−2) = ∂Σ(d−1)
are twisted sector operators associated with γ(d−2). Gauging discrete symmetries means
to sum over all possible flat connections on the manifold, i.e. summing over all possible
insertions of the operators Ug(M
(d−1)).
Often, there are inequivalent ways to gauge a symmetry. A classical example is the
choice of discrete torsion in discrete orbifolds of 2d CFTs [26]: the torus partition function
for the orbifolded theory is a sum over torus partition functions of the original theory
twisted by a flat connection on the torus with general commuting holonomies (g1, g2):
ZG =
∑
g1,g2
ǫ(g1, g2)Zg1,g2 . (2.5)
The choice of extra phases ǫ(g1, g2) is the discrete torsion. The possible choices of discrete
torsion and the phases required in higher genus orbifold partition functions can be under-
stood in the language of the Ug defects: the flat connections can be realized by a network
of Ug defects and the extra phases associated to each network can be written as a product
of individual contributions from the junctions in the network. The contributions from each
junction must be such that the final answer does not depend on the actual topology of
the network, but only on the choice of flat connection, and is covariant under modular
transformations of the Riemann surface.6
All intersections in the network can be resolved as trivalent vertices, with defects Ugi
coming together at a point and g1g2g3 = 1, weighed by some phase α(g1, g2, g3). These
factors are invariant with respect to cyclic permutations of g1, g2, g3. There is also a gauge
symmetry: if b(g) : G → U(1) is an arbitrary function satisfying b(g−1) = b(g)−1, the
transformation
α(g1, g2, g3) 7→ α(g1, g2, g3)b(g1)b(g2)b(g3) (2.6)
leaves the overall phase factor attached to the network unchanged.
For any network of defects representing a flat G-connection, the phase factor is a
product of α’s. For example, for a flat connection on a torus one gets
ǫ(g1, g2) = α(g1, g2, g
−1
2 g
−1
1 )α(g
−1
1 , g
−1
2 , g2g1). (2.7)
Invariance under change of topology of the network and modular invariance are guaranteed,
if the two distinct resolutions of a quadruple intersection, with defects Ugi coming together
5For continuous symmetries, one can of course consider more general background connections which are
not flat, and thus cannot be encoded as network of Ug defects.
6This can be expressed as well in the language of the open sets Uα and transition functions gαβ , as a
topological action written as a sum of contributions from the triple intersections Uα ∩ Uβ ∩ Uγ .
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and g1g2g3g4 = 1, give the same answer:
α(g1, g2, g3g4)α(g1g2, g3, g4) = α(g1, g2g3, g4)α(g4g1, g2, g3). (2.8)
The inequivalent choices of phases α for a group G define the second group cohomology
H2(G,U(1)) [26].7
An alternative, useful point of view is that the phases ǫ(g1, g2) by themselves are the
partition function of a very simple gapped “theory” TαG with global symmetry group G, de-
fined by some topological action Sα depending on a flat G connection, the Dijkgraaf-Witten
action [19]. An orbifold with discrete torsion of some CFT2 is the same as a vanilla orbifold
of a product theory TαG×CFT2. The theories T
α
G play a useful role in physics on their own:
they describe two-dimensional Symmetry Protected Topological phases of matter.
A Symmetry Protected Topological (SPT) phase of matter is a gapped phase, which
is indistinguishable from the trivial phase, if one disregards symmetry (in particular, the
partition function of the low-energy TQFT is the identity on any closed manifold), but
cannot be deformed to the trivial phase without undergoing a quantum phase transition
and while preserving the symmetry [27]. To every SPT phase with symmetry G one can
attach a classical topological action describing the coupling of the system to a background
geometry as well as a flat background G-connection [28].
For ordinary discrete global symmetries and in sufficiently low dimension d, Symmetry
Protected Topological (SPT) phases without fermions are classified by Dijkgraaf-Witten
(DW) actions built from group cohomology elements in Hd(G,U(1)). The precise classi-
fication in generic dimension is not yet settled: very general topological actions can be
described by elements in certain cobordism groups [28], but it is not clear at this point
whether these actions can all be given a local formulation. This approach can be generalized
to SPT phases with time-reversing symmetries and fermionic degrees of freedom [28, 29]
(see [30] and [31] for alternative proposals).
SPT phases of matter are of particular interest because of their boundary behavior: ev-
ery boundary condition must either break the global symmetry or support gapless or topo-
logically ordered degrees of freedom. In high energy physics language, the topological ac-
tions for SPT phases always have a boundary ’t Hooft anomaly, which must be compensated
by an anomaly inflow mechanism involving anomalous degrees of freedom at the boundary.
We can give a simple 2d example. A 2d boundary condition preserves the symmetry G
if the Ug line defects can end topologically on the boundary. This allows one to draw the
networks of Ug defects which, say, are required to define partition functions of an orbifold
theory on a Riemann surface with boundaries. In order to have topological and modular
invariance, there must be a relation between any phases β(g) associated to the boundary
endpoints of Ug defects and α(g1, g2, g3):
β(g1)β(g2) = α(g1, g2, g
−1
2 g
−1
1 )β(g1g2) (2.9)
7This is slightly nonobvious, since usually group cohomology is computed using cocycles that are not
cyclically symmetric. The key observation is that for such cocycles the gauge symmetry is also larger: the
functions b(g) are not required to satisfy b(g−1) = b(g)−1. Using this additional gauge freedom one can
always find a cyclically-symmetric U(1)-valued 2-cocycle in a given cohomology class.
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This is precisely the condition for α(g1, g2, g3) to be cohomologically trivial. Graphically,
this condition means that the boundary endpoints of two lines can be merged and split
into a single boundary endpoint joined to a triple intersection.
In order to have a non-trivial α(g1, g2, g3) we must allow for some boundary degeneracy:
we tensor the CFT2 boundary condition with some vector space B, the ground states of the
1d boundary topological quantum field theory (TQFT), and promote β to linear operators
on B. Then (2.9) is the condition for β to define a projective G representation on B of
type α. Notice that H2(G,U(1)) indeed classifies projective representations of G.
In two dimensions, the choice of discrete torsion affects how the global symmetry group
acts on twisted sector operators (or at least the subgroup of G that commutes with the
holonomy around the twist operator) and thus determines the twisted sector operators in
the orbifolded theory. As an example, consider two copies of the 2d Ising model. This theory
has a Z2×Z2 symmetry, whose generators multiply the spin operators σ1 and σ2 by −1. In
the language of line defects, a spin operator changes sign when it crosses the corresponding
line defect. Since H2(Z2 × Z2,U(1)) = Z2, there are two inequivalent ways to gauge the
symmetry. A concrete form of a nontrivial 2-cocycle is not unique; one possible choice is
α(g, g′, (gg′)−1) = ia1a
′
2−a2a
′
1 , (2.10)
where g = (a1, a2) and g
′ = (a′1, a
′
2) are arbitrary elements of Z2 × Z2. Then it is easy to
see that an intersection of two line defects Ug and Ug′ is assigned a phase
ǫ(g, g′) = α(g, g′, (gg′)−1)α(g−1, g′
−1
, g′g) = (−1)a1a
′
2−a2a
′
1 . (2.11)
Consider now possible terminations of a line defect Ug. In a gauged theory, Ug becomes
invisible, so the termination point must be a genuine local operator. In particular, one
should be able to move it across some other line defect Ug′ without changing the partition
function. However, moving a termination point across Ug′ either creates or destroys an
intersection of line defects, and, if ǫ(g, g′) is nontrivial, changes the sign of the partition
function. To compensate for this, we need to insert a nontrivial spin operator at the ter-
mination point. For example, choosing g = (1, 0) and g′ = (0, 1), we see that we need to
place σ2 at the termination point of Ug and σ1 at the termination point of Ug′ .
3 Higher form symmetries: kinematics
This discussion is easily extended to higher-form symmetries. Intuitively, a q-form sym-
metry is a symmetry that acts on operators V (C(q)) supported on q-dimensional manifolds
C(q). The symmetry parameter is a closed q form λ and the transformation of an operator
is controlled by the pairing
∫
C(q) λ. A theory equipped with a non-anomalous higher-form
symmetry can be coupled to a background (q + 1)-form connection.
A continuous q-form symmetry is simply associated to a conserved q + 1-form current
or, equivalently, a closed d−q−1-form current j. Given the closed q-form λ we can define a
standard charge operator Uλ by integrating λ∧ j on space. It is often more useful, though,
to think in terms of charge operators Ug(M
(d−q−1)) associated with co-dimension q + 1
– 9 –
J
H
E
P
0
2
(
2
0
1
5
)
1
7
2
manifolds M (d−q−1), obtained by integrating the conserved current on M (d−q−1). If we
embed M (d−q−1) in some constant time slice, Ug(M
(d−q−1)) will coincide with Uλ for some
form λ dual to M (d−q−1) in the constant time slice.
In this paper, we will essentially define a general higher form symmetry as the exis-
tence of topological operators Ug(M
(d−q−1)) associated with co-dimension q + 1 manifolds
M (d−q−1) that fuse according to a group law
Ug(M
(d−q−1))Ug′(M
(d−q−1)) = Ug′′(M
(d−q−1)) (3.1)
(compare with (2.2)).
The expression (3.1) can be interpreted as the multiplication rule of two operators
acting at a given time t along the manifold M (d−q−1). The ordering of the operators
in (3.1) can be studied by inserting the two operators at slightly different times, say t and
t+ ǫ, and then the standard time-ordering determines the operator ordering. For ordinary
symmetries, the manifoldM (d−q−1) is of co-dimension 1 and the operators Ug(M
(d−q−1)) at
the different times might not commute. Hence, G can be non-Abelian. On the other hand,
for q > 0 the manifold M (d−q−1) at time t + ǫ can be continuously deformed to M (d−q−1)
at time t − ǫ. Therefore, the two operators in (3.1) must commute and hence G must be
Abelian. (We will see in appendix F how the symmetry can become non-Abelian when the
theory is placed on a manifold with non-trivial topology.)
The existence of such symmetries does not contradict the Coleman-Mandula theorem.
The charged objects are q-branes rather than particles. Therefore, the ordinary charge
obtained by integrating the current over all of space is infinite; only the charge per unit
q-volume (along the brane) is finite.
The charged operators are supported on q-dimensional manifolds C(q). The analog
of (2.3) is obtained for a small sphere linking C(q)
Ug(S
d−q−1)V (C(q)) = g(V )V (Cq) (3.2)
where g(V ) is the representation of g (typically a phase). The analog of the equal time
commutator (2.4) is
Ug(M
(d−q−1))V (C(q)) = g(V )(C
(q),M(d−q−1)) V (Cq)Ug(M
(d−q−1)) at equal time, (3.3)
where (C(q),M (d−q−1)) is the intersection number.
The interpretation of (3.3) is clear. The operator Ug(M
(d−q−1)) implements the q-
form symmetry transformation as we cross M (d−q−1). The factor of g(V )(C
(q),M(d−q−1))
arises from the action of this operator on V (C(q)).
An equivalent way to phrase (3.2) and (3.3) is obtained by coupling the system to
flat background gauge fields for the q-form symmetry. These are q + 1-form gauge fields,
whose holonomies are measured on q+1-dimensional manifolds. Then, the operator along
M (d−q−1) can be described as generating holonomy g in these gauge fields for every q + 1
dimensional manifold that crosses M (d−q−1). In order to couple the theory to a general
background (q+1)-form connection, we will generally need to stretch a topological network
of Ug defects over the manifold. In particular, we need the theory to be equipped with
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topological junctions between Ug defects that can be reorganized freely to change the
topology of the network.
The set of topological classes of such networks of Ug defects in a spatial slice Md−1,
which define charge operators, is in one-to-one correspondence withHq(Md−1, G). Namely,
given an element in Hq(Md−1, G), represented as Cˇech cocycle, we can place appropriate
Ug defects inside (q+1)-fold intersections of sets in the open cover. The condition that the
cocycle is coclosed ensures that we can consistently join these defects at junctions contained
in the (q+2)-fold intersections. One can check conversely that all Ug networks arise in this
way. Therefore let us denote the operator corresponding to such a network as U(α), for
α ∈ Hq(Md−1, G). For non-torsion cocycles, one can construct the corresponding operator
by simply placing a Ug defect on the Poincare dual cycle, while for torsion cocycles one
must use a network of defects. Some aspects of this construction in the torsion case, and
a connection to the work of [21, 22], are discussed in appendix F. The charged operators
are similarly associated to elements β, in the homology, Hq(Md−1, Ĝ) in an obvious way,
and one finds the following generalization of (3.3):
U(α)V (β) = 〈α, β〉V (β)U(α) at equal time, (3.4)
where the intersection number is replaced by the pairing 〈., .〉 between Hq(Md−1, G) and
Hq(Md−1, Ĝ).
The non-existence of consistent junctions signals an ’t Hooft anomaly for the higher
form symmetry — the symmetry exists, but it cannot be gauged. A notable example is a 3d
theory with a one-form symmetry such that the Ug operators themselves are charged under
the symmetry: the Ug operators cannot be deformed with impunity across each other. We
will encounter an example of this phenomenon in a later section. This can be generalized
to a theory with a q-form and an (d − q − 1)-form symmetry: if the Ug operators for one
symmetry are charged under the other symmetry, the theory has a mixed ’t Hooft anomaly.
One can classify possible ’t Hooft anomalies under the assumption that the anomaly
can be canceled by an anomaly inflow from a classical topological field theory in one di-
mension higher.8 If this is the case, an anomaly can be characterized by the action of
this theory. For example, consider a theory in d dimensions that has a U(1) global q-form
symmetry. Then, possible ’t Hooft anomalies correspond to topological actions in d + 1
dimensions built out of a q + 1-form gauge field C. These actions should be viewed as
classical. They might not lead to consistent quantum theories. For example, ’t Hooft
anomalies for an ordinary U(1) global symmetry in 4d are described by a 5d Chern-Simons
action C(dC)2 for a background U(1) gauge field C. Since it is cubic, it is hard to make
sense of quantum mechanically. Another fairly simple case if when G is discrete. Then, as
explained in [10, 16], possible topological actions depending only on the q + 1-form gauge
field correspond to elements of Hd+1(Bq+1G,U(1)), where Bq+1G is the iterated classifying
space of G (i.e. an Eilenberg-MacLane space of type K(G, q+1)). If one allows dependence
on the topology of the space-time manifold (which corresponds to taking into account dis-
crete gravitational and mixed gauge-gravitational anomalies), then ’t Hooft anomalies are
8This assumption may not hold in sufficiently complicated theories. Some examples for the case of
0-form global symmetry have been given in [32].
– 11 –
J
H
E
P
0
2
(
2
0
1
5
)
1
7
2
classified by the degree d+1 cobordism group of Bq+1G with U(1) coefficients [28]. When
symmetries with more than one value of q are present, one can classify anomalies in a
similar way, but it is difficult to write down a general answer valid in all dimensions. In
the case when only q = 0 and q = 1 discrete symmetries are present, topological actions in
low dimensions have been classified in [10].
We can also consider the operators on open d− q − 1-dimensional manifolds Σ(d−q−1)
with γ(d−q−2) = ∂Σ(d−q−1). Then g is the holonomy of the flat background gauge field
around γ(d−q−2). When we gauge a q-form global symmetry, (some of) these twisted sector
operators associated to γ(d−q−2) will become true operators in the gauged theory. As for
Abelian orbifolds in 2d, every time we gauge a discrete q-form symmetry we gain a new
quantum (d− q− 2)-form symmetry, whose charged objects are the original twisted sector
operators. The ∨Ug′(M
(q+1)) operators for the new symmetry are simply the q-form version
of Wilson line operators for the gauged symmetry. They can end on the charged operators
for the gauged symmetry, which play the role of twisted sectors for the dual symmetry. The
analogy with 2d Abelian orbifolds extends to the observation that gauging the dual symme-
try gives back the original theory. We will discuss this example further in the next section.
As for standard global symmetries, there may be several inequivalent ways to gauge
q-form symmetries, which can be thought as tensoring the theory by some non-trivial SPT
phase before gauging the global symmetry. Such q-form SPT phases should be associated
to boundary ’t Hooft anomalies for the q-form symmetry. We refer to [10] for a general
discussion. We will encounter some neat examples of 4d SPT phases for one-form global
symmetries in the next section.
4 Examples of higher form global symmetries
4.1 U(1) gauge theory in 4d
The first example is a U(1) gauge theory without matter. Here we have two U(1) one-form
symmetries. One of them, the electric symmetry, is associated with je =
2
g2
∗F , which is
closed by the equation of motion. Here g is the gauge coupling constant. It is generated by
UEg=eiα(M
(2)) = e
i 2α
g2
∫
M(2)
∗F
. (4.1)
Clearly,
∫
M(2)
∗F is the electric flux through M (2). In terms of action on the dynamical
fields, this symmetry shifts the electric gauge field by a flat connection.
The other one-form symmetry is referred to as magnetic. It is associated with jm =
1
2πF , which is closed because of the Bianchi identity. The symmetry is generated by
UMg=eiη(M
(2)) = ei
η
2pi
∫
M(2)
F . (4.2)
Clearly,
∫
M(2) F is the magnetic flux through M
(2). The symmetry action on the fields is
simple only after duality and then it shifts the magnetic photon by a flat gauge field.9
9In d-dimensions the electric symmetry is still a one-form symmetry, while the magnetic symmetry is a
d− 3-form symmetry.
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These two operators were considered in [33, 34] and will be referred to as Gukov-Witten
operators. (Our normalizations of α and η differ from [33, 34] by a factor of 2π; they are
2π periodic.)
The charged objects under these two symmetries are Wilson loops and ’t Hooft loops
respectively.
An open magnetic surface UM is bounded by an improperly quantized Wilson loop.
To see that, write UM
g=eiη
(Σ2) = ei
η
2pi
∫
Σ2 F = ei
η
2pi
∮
γ1 A. Similarly, an open electric surface
UE is bounded by an improperly quantized ’t Hooft loop. Using the terminology of [11]
such lines that bound a topological surface are not genuine line operators.
It is nice to track these symmetries as we compactify the system on S1 to 3d. Denot-
ing the component of the gauge field around the S1 as A4, the electric one-form symmetry
becomes an electric zero-form symmetry with charge
∫
∗dA4, and an electric one-form sym-
metry associated with the electric flux
∫
∗F . The magnetic one-form symmetry becomes
a magnetic zero-form symmetry, whose charge is the magnetic flux
∫
F , and a one-form
symmetry, which is the winding of A4 with charge
∫
dA4.
The two one-form symmetries have a mixed ’t Hooft anomaly.10 For example, if
we couple the theory to a generic background connection Bm for the magnetic one-form
symmetry by a i2π
∫
Bm ∧ F coupling, we make the gauge current J = dBm non-zero and
thus je is not conserved anymore. We could try to modify je to
2
g2
∗F − Bm, but it would
not be a well-defined 2-form (the modification would be akin to shifting the axial current
of QCD by the Chern-Simons form of the gauge fields to hide the axial anomaly). The
corresponding anomaly polynomial is the 6-form dBe ∧ dBm.
We can also gauge only a Zn subgroup of the U(1) one-form magnetic symmetry. (Al-
ternatively, we can do it with the electric global symmetry.) This can be done by adding
to the F 2 Lagrangian
i
2π
Bm ∧ F +
in
2π
Bm ∧ Fm , (4.3)
where Fm = dAm is an ordinary U(1) gauge field, whose equation of motion makes Bm a
Zn two-form gauge field [13, 35]. Now, the equation of motion of Bm sets F +nFm = 0 and
therefore the sum over topological sectors of the original U(1) gauge theory is constrained
to include only sectors, whose first Chern-class is divisible by n. This is an explicit ex-
ample demonstrating that the sum over topological sector does not have to include all of
them [13, 36]. (In this particular case we can simply eliminate A = nAm and use the gauge
field Am as the basic degree of freedom.)
It is amusing to consider the supersymmetric version of these couplings. As we said
above, a U(1) gauge theory has a magnetic U(1) one-form global symmetry with current F ,
which can be coupled to a background two-form gauge field Bm. The supersymmetrization
of the F ∧ Bm coupling was discussed in [13]. The gauge field A belongs to a vector
superfield V and the background two-form Bm belongs to a chiral spinor superfield Bα
10This discussion is identical to a free compact scalar in 2d, which has two global symmetries — winding
and momentum. Either one of them can be gauged, but an anomaly prevents us from gauging both of them.
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(satisfying Dα˙Bα = 0) with the gauge symmetry
11
Bα → Bα +D
2
DαL (4.4)
with arbitrary real L. Then Bm ∧ F is included in∫
d4θHV =
∫
d2θBαW
α + h.c. , (4.5)
which is fully gauge invariant. Denoting the bottom component of H (which is also the
Lorentz scalar θ-component of B) by ζ, we recognize in (4.5) the FI-term ζ
∫
d4θV . In
other words, an FI-term can be interpreted as coupling the gauge theory to a background
supersymmetric two-form gauge field and as such, there is an independent FI-term for each
global U(1) one-form symmetry. This interpretation of the FI-term is tied with the fact
that it is related to a one-form central charge in the supersymmetry algebra [14, 37] (and
hence to BPS vortices) — the central charge equals a sum of products of an FI-term and
the corresponding one-form symmetry charge.
Next, we add to our theory charge n matter fields. The magnetic symmetry and UM
are unchanged. But the electric symmetry is explicitly broken to Zn. In this case the
dependence of UE(M (2)) on the surface M (2) is not topological unless g is an n’th root
of unity. The Gukov-Witten operators (4.1), (4.2) are still meaningful, but they are not
always topological.
If we introduce both electrically and magnetically charged matter, we break both
electric and magnetic one-form symmetries to a discrete subgroup. In general, if Γg is the
full lattice of charges of some U(1)r gauge theory, and Γ′g the sublattice of charges generated
by the matter fields, the theory has an unbroken one-form symmetry valued in Γg/Γ
′
g.
A simple example of this setup is 4d N = 2 theory with SU(2) pure gauge group
without matter [38]. Its low energy Abelian description has a Z2 one-form symmetry, which
matches the UV global one-form symmetry we will discuss momentarily. (The theory with
fundamental matter [39] does not have such a symmetry.) Similar considerations apply to
general N = 2 theories.
4.2 Non-Abelian gauge theory in 4d
Before selecting the global form of the gauge group, a non-Abelian gauge theory based on
a Lie algebra g potentially admits ’t Hooft-Wilson line defects labeled by generic charges
(m, e) ∈ Λwm×Λ
w
e , defined modulo the action of the Weyl group [40]. Here Λ
w
e is the weight
lattice of g and Λwm the magnetic weight lattice, i.e. the dual of the root lattice. General
’t Hooft-Wilson line defects are not pairwise local. Mutual locality is controlled by the
integrality of the Dirac pairing m · e′ −m′ · e.
In the absence of matter fields, for simply-connected gauge group G, one allows Wilson
loops of any possible representation. Thus e is unconstrained and hence m must be in
the magnetic root lattice, i.e. the dual of the weight lattice. The theory has a one-form
“electric” symmetry valued in the center Z(G) of G. Its generators are Gukov-Witten
11The gauge invariant field strengthHm = dBm is embedded in the real linear superfieldH = D
αBα+h.c..
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surface operators [33, 34] associated to elements of Z(G).12 This symmetry acts on the
gauge fields by shifting them by a flat Z(G)-valued gauge field [11]. If we regard such a
gauge field as a Cˇech 1-cocycle with values in Z(G), the symmetry transformation acts by
multiplying each transition function defining a G-bundle by the corresponding value of the
Cˇech 1-cocycle. The Lagrangian, which depends only on the curvature of the gauge field,
is not affected by this transformation, hence it is a symmetry. The one-form charge of an
’t Hooft-Wilson line defect is simply given by e modulo the root lattice Λre.
Open Gukov-Witten surface operators associated to some element g in Z(G) are
bounded by ’t Hooft-Wilson line defects with magnetic charge m = g modulo the magnetic
root lattice Λrm. Notice that Z(G) = Λ
w
m/Λ
r
m and the character group Ẑ(G) = Λ
w
e /Λ
r
e. For
topological considerations such as in this section, only the charges (m, e) modulo Λrm ×Λ
r
e
matter. They belong to
Z♯ = Z(G)× Ẑ(G) . (4.6)
In the rest of this section we will label the charges by (4.6).
Next, if we gauge a subgroup Γ ⊂ Z(G) of the global one-form symmetry, we obtain
a gauge theory with gauge group G/Γ. It turns out that there are several ways to do this
labeled by a discrete theta parameter [15]. One way to describe it is in terms of the choice
of lines. The gauging restricts the allowed Wilson lines to be in Ẑ(G)/Γ ⊂ Ẑ(G), but this
means that additional lines can now be introduced. They have to be local relative to these
Wilson lines and also local relative to each other. Furthermore, we want this choice of lines
to be maximal. Using the Dirac pairing, we can describe the choice of lines as choosing a
maximal Lagrangian subgroup L ⊂ Z♯ of (4.6).
The gauging clearly reduces the electric one-form symmetry from Z(G) to Z(G)/Γ. For
trivial discrete theta parameter the additional lines have magnetic charges m ∈ Γ, while
their electric charges can be screened by the allowed Wilson lines. Hence, we gain a new
one-form magnetic symmetry valued in Γ̂, the character group of Γ. And the full one-form
global symmetry is Z(G)/Γ×Γ̂. Open magnetic surfaces labeled by an element γ̂ ∈ Γ̂ end on
line defects with Wilson loop charge e which maps to γ̂ under the obvious map Ẑ(G)→ Γ̂.
For other values of the discrete theta parameter there is another one-form global sym-
metry with group L associated to appropriate Gukov-Witten surfaces. Some of these
choices are related to others by shifts of the ordinary theta angle by multiples of 2π. Other
choices are simply inequivalent [15]. Appendix C includes a nontrivial example.
A convenient way to describe L is to note that the projection of L to Z(G) is Γ. The
electric charge of a line with a magnetic charge m ∈ Γ is defined modulo charges of Wilson
lines and thus can be thought of as an element of Hom(Γ,U(1)). It must also be a linear
function of m. Thus we can encode L into a choice of a bilinear form η : Γ× Γ→ U(1).
For example, for G = SU(4) and Γ = Z4 we have four different choices of η. If we
identify U(1) with R/Z, we can write these four choices as follows:
η(x, y) = pxy/4, x, y, p ∈ Z4 . (4.7)
12Generic Gukov-Witten operators are labeled by conjugacy classes in G, but such operators are not
topological, in general, and thus do not generate one-form symmetries.
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They are related by shifting the ordinary theta angle in SU(4)/Z4 theory by an integer
multiple of 2π. The one-form global symmetry group in all these theories is Z4. On the
other hand, for Γ = Z2 there are two values of the discrete theta parameter. When it van-
ishes the global symmetry group is Z2×Z2 and when it is non-trivial the global symmetry
group is Z4. These two theories are not related by a shift of the ordinary theta angle [15].
This discussion hides a subtlety which occurs on 4-manifolds without spin structure
(which are allowed if one is dealing with pure Yang-Mills theory without fermions). Namely,
in general the resulting theory depends not just on the bilinear form η, but on its quadratic
refinement. This is discussed in more detail below. In general, there is more than one choice
of a quadratic refinement, so the choice of lines, or equivalently the choice of the one-form
symmetry group L̂, does not completely determine the theory. We will return to this issue
below.
When we add matter fields that transform under the center the electric one-form
symmetry is explicitly broken to the subgroup F ⊂ Z(G) that does not act on the matter
fields. Locality with the matter fields restricts m to live in F , while the possibility of
screening suggests restricting e to the group F̂ of electric charges modulo the charges of
the matter fields. This case can be analyzed as before, with the replacement Z(G) by F .
4.3 Discrete Abelian gauge theories
Theories with a trivial action. A theory with a q-form discrete gauge symmetry G
has a gauge field, which is a q+1-form (more precisely, if G is finite, it is a (q+1)-cochain).
We will call such theories (q + 1)-form gauge theories. For q = 0, G can be non-Abelian,
but since we are mostly interested in q > 0, we will only consider Abelian G. Topological
(q + 1)-form gauge theories are interesting TQFTs. In this section we discuss their global
symmetries. We distinguish between theories with a trivial action, which we discuss first,
and theories with non-trivial action, which we will discuss below.
All these theories have magnetic symmetry. It is a (d − q − 2)-form global symmetry
generated by Ûĝ(M
(q+1)), ĝ ∈ Ĝ. It is generated by Wilson-like operators, which measure
the holonomy of the G flat connection along a (q + 1)-cycle M (q+1). For a discrete gauge
theory these operators are indeed topological. This global symmetry group is Ĝ.
The second “electric” symmetry is special to pure discrete gauge theories with a trivial
action. (In the presence of matter, these operators might not be topological.) It is a (q+1)-
form symmetry generated by the Gukov-Witten twist operators Ug(M
(d−q−2)) with g ∈ G.
Note that they are distinct from the generators of the (d− q− 2)-form magnetic symmetry
Ûĝ. This electric global symmetry is isomorphic to G.
13
The two types of global symmetries are dual to each other — the Ug are charged
under the Ĝ global symmetry and the Ûĝ are charged under the G global symmetry. As we
will discuss below, this means that both global symmetries are spontaneously broken —
charged operators acting on the vacuum do not create charged excitations. We will discuss
this interpretation further in the next section.
13One should not confuse the gauge symmetry G with the electric symmetry which is also G. Apart from
the fact that the former is a gauge symmetry and the latter is a global symmetry, they are also distinguished
by the fact that the former is a q-form symmetry, while the latter is a (q + 1)-form symmetry.
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The non-trivial correlation functions of linked Ug and Ûĝ defects are the basic observ-
ables of this TQFT. In the language of condensed matter physics, a TQFT endowed with
extra global symmetries can be used to describe the IR physics of a Symmetry Enriched
Topological (SET) phase. Hence, discrete Abelian gauge theory can describe a somewhat
exotic SET, enriched by higher form symmetries. Notice that there is a perfect symmetry
between G q-form gauge theories and Ĝ (d − q − 3)-form gauge theories (with a trivial
action) — they describe the same d-dimensional SET phase.
Two useful examples of such theories are discussed in two appendices. In appendix A
we discuss a two-dimensional q = 0 Zn1 × Zn2 gauge theory and in appendix B we discuss
a four-dimensional q = 1 Zn gauge theory. The trivial action is obtained by setting the
parameter p in these actions to zero.
Twisted discrete Abelian gauge theories. As in the work of Dijkgraaf and Wit-
ten [19], we can also consider topological discrete Abelian gauge theories with a nontrivial
action. For q = 0, such actions are classified by Hd(BG,U(1)) [19], where BG is a clas-
sifying space of G, i.e. a topological space, whose fundamental group is G and all other
homotopy groups are trivial.14 For general q, similar arguments [10] show that topological
actions are classified by Hd(Bq+1G,U(1)), where Bq+1G is an iterated classifying space (its
only nontrivial homotopy group occurs in dimension q+1 and is isomorphic to G). We will
call such theories twisted discrete gauge theories.
Although the magnetic global symmetry Ĝ of the twisted discrete gauge theory is
unaffected by the twisting, only a certain quotient of it Ĝ/K acts in the topological theory.
Correspondingly, some of the electric global symmetry generators are not present. This
can be interpreted as K ⊂ Ĝ being gauged in the twisted theory. Alternatively, as we
explain in section 5 and appendices A and B, this can be interpreted to mean that the
symmetry Ĝ is broken to K and hence only Ĝ/K acts nontrivially in the topological theory.
The twisting also affects the electric global symmetry and breaks it to a subgroup. As a
result, the twisted topological theory has fewer observables than the untwisted theory.
Although the subgroup K ⊂ Ĝ seems absent in the TQFT, it turns out to have interest-
ing effects when the theory is placed on a manifold with a boundary. If we pick boundary
conditions that preserve Ĝ, there is a nontrivial TQFT on the boundary, which depends on
K. This can be interpreted as if the global symmetry K is unbroken, but it has nontrivial ’t
Hooft anomalies. The boundary theory is needed in order to satisfy the ’t Hooft anomaly
matching conditions. It is natural to describe this phenomenon as a SPT phase for the
higher form global symmetry.
We will not discuss the most general case, but simply refer the reader to the two
examples: 2d Zn1×Zn2 gauge theory in appendix A, and 4d Zn gauge theory in appendix B.
14More precisely, if we require the action to be defined on orientable d-manifolds, rather than general
topological spaces, and allow for topological couplings to geometry, actions are classified by the cobordism
group of BG with U(1) coefficients [19, 28].
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4.4 3d Chern-Simons theory and ’t Hooft anomaly
In this section we discuss discrete one-form symmetry of 3d Chern-Simons theory. It is
perhaps the simplest example of a higher form global symmetry aﬄicted with an ’t Hooft
anomaly.
We start with U(1) Chern-Simons theory at level k. This theory has a global one-form
Zk symmetry. Its generators are the Wilson lines
Ue2piin/k(M
(1)) = exp(in
∮
M(1)
A) , (4.8)
with n = 0, 1, . . . , k − 1. One way to see that is to note that the action is invariant under
shifting the gauge field A → A + 1k ǫ, with ǫ a properly normalized flat U(1) gauge field.
Alternatively, compactify to 2d to find the Lagrangian k2πA3F . It describes a system with
an ordinary Zk global symmetry [11].
The charged objects V are the same Wilson lines (4.8) with the analog of (3.2)
Ue2piin/k(M
(1))Ue2piim/k(C
(1)) = e
2piimn
k Ue2piim/k(C
(1))
Ue2piin/k(M
(1)) = Vn(M
(1)) (4.9)
with M (1) a small circle around C(1).
Equation (4.9) means that the generators of the one-form Zk symmetry are charged
under it. We interpret it to mean that the global Zk symmetry has an ’t Hooft anomaly.
One way to think about it is as follows. Gauging the Zk symmetry amounts to summing
over all possible insertions of Ue2pii/k . But because of (4.9) this has the effect of making the
functional integral vanish. Alternatively, gauging is the same as passing from U(1) to its
quotient U(1)/Zk (which is again isomorphic to U(1)). This means that A is no longer a
well-defined gauge field, but A′ = kA is. Expressing the action in terms of A′, we get
SgaugedCS =
1
4πk
∫
A′dA′. (4.10)
Since the Chern-Simons level for A′ is fractional, the action is not gauge-invariant, implying
’t Hooft anomaly.
As a second example consider the SU(2) Chern-Simons theory with level k. This
theory has a Z2 global symmetry generated by the Wilson line associated with the SU(2)
representation with j = k/2. The charged objects are the various Wilson lines and the
analog of (3.2) is
Ug=−1(M
(1))Vj(C
(1)) = (−1)2jV (C(1)) (4.11)
withM (1) a small circle around C(1).15 In other words, the integer j lines are Z2 even and the
half integer j lines are Z2 odd. For odd k, this one-form symmetry has an ’t Hooft anomaly.
Notice that this Z2 one-form symmetry coincides with the Z2 one-form symmetry asso-
ciated to the center of the SU(2) gauge theory and that gauging the Z2 one-form symmetry
15As a check, consider the expectation value of two linked loops in the representations j and j′ in S3. It is
Sjj′ =
√
2
k+2
sin
(
pi(2j+1)(2j′+1)
k+2
)
[41]. For j′ = k
2
we have Sj k
2
= (−1)2jSj0, which is consistent with (4.11).
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will produce an SO(3) Chern-Simons theory. The anomaly for odd k is again related to the
fact that the level quantization is different for SO(3) = SU(2)/Z2 Chern-Simons theory.
This analysis generalizes readily to an SU(N) Chern-Simons theory. This theory has a
ZN one-form symmetry associated to its center, such that Wilson loops in representations
with ℓ boxes have charge ℓ. The topological lines for this symmetry can be interpreted
as Wilson lines as well: the generator U1 is a Wilson loop with k boxes in a symmetric
representation, the other group elements Un are labeled by rectangular Young tableaux
with nk boxes.
Notice that the fusion of the U1 Wilson loop with Wilson loops VR labeled by a generic
representation R gives a single Wilson loop labeled by a representation σ(R) obtained from
R by adding a row of k boxes and removing any columns of height N [42].
The ZN symmetry is again aﬄicted with ’t Hooft anomaly for general k,
U1(M
(1))U1(C
(1)) = e
−2piik
N U1(C
(1)) (4.12)
We can compute the phase factor readily by comparing with the WZW dimensions ∆n =
n(N−n)k
2N of the simple currents associated to Un.
If k is a multiple of N , we can gauge the ZN one-form symmetry to recover a PSU(N)
Chern-Simons theory. Similarly, for appropriate values of k we can also gauge other sub-
groups Γ of the ZN one-form symmetry to recover an SU(N)/Γ Chern-Simons theory.
16
Finally, we can consider U(N) Chern-Simons theories at level k. These theories are
usually described by realizing U(N) = SU(N)×U(1)
ZN
and combining appropriately an SU(N)
and U(1) Chern-Simons theories. In our language, the combination is realized as follows: we
start from an SU(N) CS theory at level k and an U(1) theory at level (k+N)N and gauge
the diagonal combination of the ZN one-form global symmetry of the SU(N) CS theory
and the ZN subgroup of the ZN(k+N) one-form global symmetry of the U(1) CS theory.
The required level for the U(1) theory is well-known [42, 43], but can also be understood
as due to an ’t Hooft anomaly cancellation: we are gauging composite U1 operators which
have anomaly e
−2piik
N from the SU(N)k factor and e
−2pii(N+k)2
N(k+N) from the U(1)N(k+N) factor.
As a result, the U(N) Chern-Simons theories at level k has a residual Zk+N one-form
symmetry generated by the U(1) Wilson loops of charge N , i.e. U(N) Wilson loops in the
N -th antisymmetric power of a fundamental representation of U(N). This symmetry has
anomaly e
−2piiN
k+N .
Thus a U(N) Chern-Simons theory at level k (or better, renormalized level k+N) has
the same global ’t Hooft anomaly as N copies of a U(1)k+N theory, or a product of U(na)
CS theories at level k − na +N (or better, renormalized level k +N) with
∑
a na = N . It
should be possible to explain this observation in terms of an ’t Hooft anomaly matching for
an RG flow starting from an U(N) Chern-Simons theory coupled to adjoint matter with a
vev for the adjoint field which Higgses it to
∏
aU(na).
16As we gauge a one-form symmetry in three dimensions, we expect to find a dual “magnetic” zero-form
symmetry carried by monopole operators and measured by appropriate GW operators. Because of the CS
coupling, the monopole operators will also carry gauge charge, and there will be no gauge-invariant local
operators charged under the dual magnetic global symmetry.
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4.5 6d (2, 0) theories
As another example, consider the 6d (2, 0) theory. For a recent review see [44, 45] and
references therein. Before we start discussing this theory we should clarify that when
referring to the (2, 0) theory one can mean two different things. First, we can mean a
superconformal field theory satisfying all the standard axioms of quantum field theory.
Alternatively, we can express such a field theory in terms of conformal blocks17 and refer
to the theory of these conformal blocks.
This is analogous to a theory of chiral bosons in 2d. In this theory the bosons take
values in a torus associated with a lattice. Locality of the vertex operators forces the lattice
to be integral. When spacetime is a torus, invariance under the S transformation of the
torus forces the lattice to be self-dual. This is enough to have a standard CFT on a space
with a spin structure. If one also wants the theory to be fully modular invariant, then
the lattice has to be even but this is not essential. Consider for example a theory of a
single left-moving scalar. The lattice is self-dual when it is at the “free fermion radius.”
This is a standard CFT (even though the lattice is not even). When the radius squared
is rational (but not equal to one) the theory of the chiral boson does not make sense as
a CFT. In this case one has two options. First, we can tensor it with another CFT (e.g.
another chiral boson) and make a standard CFT. Alternatively, we can view the theory as
a generalization of a CFT where one studies the space of conformal blocks.
The situation in the 6d (2, 0) theory is similar. In the rest of this section we will
limit ourselves to standard field theory. The more general situation, where one considers
more generalized theories that do not satisfy the standard axioms of quantum field theory
was studied in [46]. In any such theory we can always add free tensor multiplets, whose
periodicities are correlated with that of the generalized theory and thus form a standard
field theory. It was emphasized in [47] that in the context of string theory the necessary
free tensors are always present such that we have a “standard theory.”
The 6d theory is characterized by a Lie group G of rank n, such that after compactifi-
cation to 5d, this group is the gauge group.18
The theory has surface operators V (M (2)) and volume operators U(M (3)). One way
to think about them is by moving along the Coulomb branch of the theory, where the
low-energy dynamics is that of n approximately free tensor multiplets, which include n
two-form gauge fields Bi, whose field strengths Hi = dBi are self-dual. Then, the surface
and volume operators are given by
V (M (2)) = e
iai
∮
M(2)
Bi
U(M (3)) = e
ibi
∮
M(3)
Hi . (4.13)
17We caution the reader that the term “conformal block” here is used in a somewhat non-standard
fashion, following the terminology introduced in [46] in analogy to conformal blocks in two-dimensional
RCFTs, which have a specific relation to 3d TQFTs. It should not be confused with the conformal blocks
which are used in dimension higher than two to decompose CFT correlation functions into the contributions
of individual (super)conformal primaries, and have no known relation to higher-dimensional TQFTs.
18We cannot rule out the possibility that there are other (2, 0) theories, which are not characterized by
such a group.
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Because of the self-duality of Hi, the parameters ai must belong to a self-dual lattice.
Also, locality of V (M (2)) forces that lattice to be integral, but not necessarily even. (See
the discussion in [47] and references therein.) This lattice is the weight lattice of G and
this restricts the allowed choices of G.
Similarly, unlike the 4d U(1) gauge theory, where we can use both F and ∗F (4.1), (4.2),
here because of the self-duality we have only one kind of operator U . As in all our examples,
the topological U(M (3)) generate a two-form global symmetry G and the surface operators
V (M (2)) are charged under it.
The simplest example of this theory is the An−1 theory. Since we want the weight
lattice to be self-dual, we take G = U(n). (Note that its weight lattice is integer but
not even.) A low energy observer along the flat directions has volume operators U(M (3))
labeled by n parameters bi. Most of them are not topological. The topological U(M
(3))
depend on a single compact parameter b = bi associated with
∑
iHi. It generates the
two-form global symmetry G = U(1).
Upon compactification on a circle to 5d, the two-form G = U(1) global symmetry leads
to a two-form U(1) global symmetry and a one-form U(1) global symmetry. These act as a
magnetic symmetry and an electric symmetry of the 5d U(n) gauge theory. More explicitly,
they are associated with the U(1) ⊂ U(n) gauge theory.
Upon further compactification on a circle to 4d we have four different U(1) global
symmetries. They are a two-form symmetry, two different one-form symmetries and a
zero-form (ordinary) symmetry. The U(1) × U(1) one-form global symmetries are the
ordinary electric and magnetic symmetries associated with U(1) ⊂ U(n). The ordinary
global U(1) symmetry shifts the compact scalar in the vector multiplet of U(1) ⊂ U(n).
The two-form symmetry measures the winding number of that compact scalar. As the torus
we compactified on goes to zero size, the ordinary U(1) symmetry becomes noncompact —
it becomes R. The winding symmetry (the two-form global U(1)) acts trivially in this limit.
This description of the symmetries is easily generalized. The two-form G global sym-
metry in 6d leads to a two-form and a one-form G global symmetries in 5d and to several
symmetries in 4d: an ordinary G global symmetry, a two-form G global symmetry and a
G×G one-form global symmetry. The latter is the electric and magnetic global symmetries
of the low energy N = 4 theory.
As other examples based on SU groups we can take G = SU(k2)/Zk with G = Zk or
G = SU(k) × SU(k)/Zk with G = Zk. Their lattices are integer and self-dual and they
lead to the same picture as above. In fact, given the conformal blocks of the SU 6d (2, 0)
theories, we can construct the quantum field theories associated with these Gs and we
conjecture that there exist string constructions realizing them.
We can also consider the Dn theories. Here G = SO(2n) and G = Z2. Again, in 4d we
find a Z2 × Z2 one-form global symmetry. There are two different 4d theories with gauge
group SO(2n), which differ by a discrete θ-parameter [15]. This construction leads to one
of them.
All these examples lead to fully SL(2,Z) invariant theories in 4d. Other 4d N = 4
theories are invariant only under a subgroup Γ ⊂ SL(2,Z) and they reside in an SL(2,Z)/Γ
orbit of theories. All the theories in the same orbit must have the same global symmetries.
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For example, the 4d SU(4) theory is in the same orbit as 4 different SU(4)/Z4 (with different
discrete θ-parameter) and another SU(4)/Z2 = SO(6) theory (again with a different discrete
θ-parameter [15]. All of them have a Z4 one-form global symmetry.
One can also consider a compactification of a (2, 0) theory on a 3-manifold M . The
2-form global symmetry in 6d may give rise to q-form symmetries with q = 0, 1, 2 in the
effective 3d theory. Consider for simplicity the case when M = S3/Zk, i.e. a lens space,
and a 6d theory with U(1) 2-form global symmetry. Then the effective 3d theory has U(1)
2-form symmetry and Zk one-form symmetry. Indeed, if X is a 3d manifold, by Ku¨nneth
formula we have
H2(X ×M) = H1(X)⊗H1(M) +H2(X) = H1(X)⊗ Zk +H2(X), (4.14)
and therefore
H2(X ×M,U(1)) = H1(X,Zk) +H
2(X,U(1)). (4.15)
4.6 Higher-form global symmetries without gauge fields
In order to demonstrate that higher-form global symmetries are not specific to gauge the-
ories we present two examples of d-dimensional theories based purely on scalars with such
symmetries.
Consider a theory based on a compact scalar field φ ∼ φ + 2π with the Lagrangian
L = 12f(∂φ)
2+ V (φ) with a dimensionful constant f . If V = 0 the system has an ordinary
(0-form) symmetry with Q = f
∫
∗dφ. In addition, even for nonzero V there is a d−2-form
U(1) (winding) symmetry with Q = 12π
∫
dφ. The charged excitations are domain walls
interpolating between φ and φ+ 2π. Charged objects are vortex operators.
Our second example is based on the d dimensional CPn sigma-model. Let ω be the
pull-back to spacetime of the CPn Ka¨hler form. ω is the current of a global d−3-form U(1)
symmetry. In 3d this is an ordinary symmetry, whose charge Q =
∫
ω counts the number
of times space wraps the non-trivial 2-cycle. In 4d we have a one-form global symmetry
under which strings are charged.
An alternate presentation of this non-linear model uses n+ 1 complex scalars zi con-
strained to satisfy
∑
i |z
i|2 = 1 and coupled to a U(1) gauge field A. In this presentation ω ∼
dA and the symmetry above is the magnetic global U(1) symmetry of the gauge theory. Be-
low we will refer to this symmetry as magnetic also in the presentation without a gauge field.
5 Spontaneous breaking of higher-form global symmetries
Just as an ordinary global symmetry can be spontaneously broken, so can higher-form
symmetries. To be concrete, we will focus mostly on 4d gauge theories and their one-form
symmetries. We will use the behavior of large loops as the diagnostic of such breaking.
And in order to avoid confusion, we will focus here only on the genuine line operators,
whose definition does not depend on a choice of surface. Such lines can exhibit area law,
perimeter law or Coulomb law.
We interpret an area law for a charged loop operator as reflecting the fact that the
corresponding one-form symmetry is unbroken. Indeed, the expectation value of the loop
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vanishes as its size is taken to infinity. Perimeter law can be set to zero by redefining the
operator by a local geometric counterterm. Then, perimeter law and Coulomb behavior
mean that the loop has a nonzero expectation value when it is large and correspondingly
the symmetry is spontaneously broken.
Equivalently, when a one-form global symmetry is unbroken, the charged states are
strings. They lead to an area law for some loop operators. If the symmetry is spontaneously
broken, there are no such strings and hence there is no area law.
More precisely, a one-form global symmetry G can break to a subgroup K. In that case
the loops charged under K exhibit area law. And loops charged under G, but un-charged
under K exhibit a perimeter or Coulomb law — renormalizing the perimeter law to zero a
large loop has an expectation value breaking G to K.
Although we will mostly be interested in one-form symmetries in 4d, we point out
that the generalization of this discussion is straightforward. The key point is whether the
charged objects have a non-zero vev when they are large. Using this terminology Coulomb
behavior in 2d and 3d means that the corresponding global symmetry is unbroken.
A standard argument shows that when a continuous one-form global symmetry is
spontaneously broken the system should have a Goldstone boson. This Goldstone boson is
a massless photon, as can be seen from the matrix element of the two-form Noether current
jµν between a photon with polarization ζ and momentum p and the vacuum
〈0|jµν(x)|ζ, p〉 = (ζµpν − ζνpµ)e
ip·x . (5.1)
It is straightforward to imitate the analysis of Coleman, Mermin and Wagner about the
possibility of spontaneous symmetry breaking. The generalization of the q = 0 statement
to higher q is that a continuous symmetry is always unbroken for d− q < 3 and a discrete
symmetry is always unbroken for d− q < 2. For example, continuous one-form symmetries
are always unbroken in 2d and 3d. And discrete one-form symmetries are always unbroken
in 2d. (They do not exist in 1d.) One way to see that is to compactify the d dimensional
system on tori to d − q dimensions and then use the Coleman-Mermin-Wagner analysis.
But even without using compactification, we note that Coulomb behavior in d dimensions
leads to the Wilson loop 〈W 〉 ∼ e−V (r) with V (r) ∼ 1
rd−3
(for d = 3 it is log r). For d = 2, 3
the potential V (r) diverges as r →∞ and hence 〈W 〉 → 0 and the symmetry is unbroken.
Note that the arithmetics of this computation is identical to the Coleman-Mermin-Wagner
analysis of the IR behavior of expectation values of charged order parameters.
Let us demonstrate this general discussion in several examples.
5.1 U(1) gauge theory
As our first example we consider the pure gauge U(1) gauge theory (see section 4.1). This
system has an electric and a magnetic U(1) one-form global symmetries. As we said, we
interpret the fact that the system is in a Coulomb phase to mean that its global symmetries
are spontaneously broken and the massless photon is a Goldstone boson. This can be seen
by noticing that the dynamical gauge field is shifted by the action of the symmetry — it
transforms inhomogeneously. More precisely, we can use (5.1) both for the electric and the
magnetic currents to show that the photon is the Goldstone boson of these two symmetries.
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Further insight into this breaking is obtained by compactifying the system on a circle
to 3d. As we discussed above, the 4d free U(1) gauge theory has a global U(1) electric one-
form symmetry and a global U(1) magnetic one-form symmetry. The electric symmetry
leads to two symmetries in 3d. These are a spontaneously broken ordinary global symmetry
with charge
∫
∗dA4, with A4 being the Goldstone boson and an unbroken electric one-form
symmetry, whose charge is the electric flux
∫
∗F ∼
∫
da, which is winding for the dual
photon a. Similarly, the magnetic one-form symmetry leads to two symmetries in 3d. These
are a spontaneously broken magnetic zero-form symmetry, whose charge is the magnetic
flux
∫
F ∼
∫
∗da with a being the Goldstone boson and an unbroken one-form symmetry,
winding of A4 with charge
∫
dA4. Note that a 4d symmetry can be split to two different
symmetries in 3d; one of them is spontaneously broken and the other is not. Clearly, this
conclusion is consistent with the general discussion above about the the behavior of the
loops in 4d and in 3d.
Next, we discuss a U(1) gauge theory with charge n matter. Because of the presence
of the matter fields, the electric one-form global symmetry is explicitly broken to Zn.
But the magnetic one-form symmetry remains U(1) with the charge being the magnetic
flux. If the matter is massive the low energy spectrum includes only the photon and the
situation is similar to the pure U(1) gauge theory. The IR theory has an accidental electric
U(1) one-form global symmetry. Both the electric and the magnetic global symmetries are
spontaneously broken in this Coulomb phase.
When the matter fields condense the U(1) gauge symmetry is Higgsed to Zn. In this
case the spectrum is gapped, but the low energy theory includes a Zn gauge theory. As
discussed in section 4.3 and in the next subsection, this gauge theory represents the spon-
taneously broken one-form Zn global symmetry. The magnetic U(1) one-form symmetry
must be unbroken. If it had been broken, there would have been a massless photon. Indeed,
the spectrum includes strings, which are charged under this symmetry. Furthermore, the
’t Hooft loop, which is charged under this symmetry, exhibits an area law in this phase.
The CPn sigma-model we discussed in section 4.6 fits this description. In its weakly
coupled phase the ordinary global SU(n+ 1) symmetry is spontaneously broken to SU(n).
However, the magnetic symmetry generated by
∫
ω is unbroken. This is clear because the
spectrum includes states charged under it. In 3d these are particles and in 4d these are
strings. Now, it is known that when this model is placed on the lattice it has a strong
coupling phase in which the ordinary SU(n + 1) symmetry is unbroken and the magnetic
U(1) can be broken.19 In that phase there must be a massless photon. In 3d it is a
scalar and in 4d it is a massless emergent gauge field. Normally, this point is argued by
“integrating in” the U(1) gauge field (as we mentioned in section 4.6) and then finding it as
a massless excitation. From our perspective, the existence of the massless photon follows
even without integrating it in. It follows from the spontaneously broken global symmetry.
19This is familiar in the continuum 2d version of this system, but here there is no magnetic symmetry
and the emergence of the photon is not as dramatic as in higher dimensions.
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5.2 ZN gauge theory
The discussion of 4d discrete ordinary gauge theories in section 4.3 and in appendix B can
be interpreted to mean the following. The untwisted theory with p = 0 has a spontaneously
broken one-form ZN global symmetry and a two-form ZN global symmetry.
Quite generally, a low energy observer can detect spontaneously broken ordinary dis-
crete symmetries by finding their domain walls. A spontaneously broken higher-form dis-
crete symmetry leads in the IR to a TQFT. This theory has several dual presentations (see
e.g. [11]) including a discrete gauge theory. So a UV theory with a one-form discrete global
symmetry, which is spontaneously broken must lead in the IR to a TQFT and hence to
long range topological order.
For nonzero p the bulk of the system exhibits only ZL one-form and two-form global
symmetries with L = gcd(p,N). Both of these symmetries are spontaneously broken. As
we discuss in appendix B, we can interpret this to mean that we start with a UV theory
with a global ZN one-form symmetry, which is spontaneously broken to ZK with K = N/L.
The unbroken ZK symmetry does not act in the IR. However, as we will discuss below,
this symmetry can have anomalies, which lead to some degrees of freedom on boundaries
or domain walls.
5.3 SU(N) gauge theory
Non-Abelian gauge theories can have both electric and magnetic one-form global symme-
tries. Any of them could be spontaneously broken to a subgroup.
An SU(N) gauge theory with matter fields in the adjoint representation has a global
ZN one-form electric symmetry and no magnetic symmetry. The order parameter for its
breaking is the Wilson loopW . In the standard confining phaseW l with l = 1, 2, . . . , N−1
exhibits an area law. We take it to mean that the electric one-form symmetry is unbroken.
In this case the spectrum includes ZN strings.
We can also have a phase where W l with l 6= 0mod t with some t a factor of N has
area law, but W t has a perimeter law [20]. t was referred to in [20] as the confinement
index. From our perspective, the global ZN one-form symmetry is broken to Zt. W
t is the
order parameter for this breaking, and the t different strings, whose tension is probed by
W l with l = 1, 2, . . . , t−1 are charged under this unbroken symmetry. We will demonstrate
this discussion in the model of [20] in appendix D.
Our discussion leads to a new perspective on Polyakov’s confinement/de-confinement
transition. Compactifying the SU(N) gauge theory on a circle, the one-form ZN global
symmetry leads to an ordinary ZN symmetry as well as a ZN one-form symmetry. The
Polyakov loop is an order parameter of the former, and its expectation value serves as a
diagnostics of the de-confinement transition. In the confining phase the expectation value
of the Polyakov loop vanishes, thus signaling that the ordinary ZN symmetry is unbroken
and in the de-confined phase the vacuum expectation value of the Polyakov loop is nonzero,
thus breaking the ordinary ZN symmetry in 3d. Our 4d discussion above identifies the 4d
precursor of Polyakov’s ordinary ZN symmetry as a one-form symmetry. And it identifies
the fact that it is broken or unbroken as a statement about the 4d one-form symmetry.
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Next, we can add fundamental matter to the SU(N) gauge theory. Now, there is neither
electric nor magnetic global symmetry (see section 4.2) and therefore there is no symmetry
that might or might not be broken. This allows us to state neatly the statement of [48, 49]
in our language. These authors showed that one can continuously interpolate from Higgs
to confinement in an SU(N) gauge theory with matter fields in the fundamental represen-
tation. In our language, when there are matter fields in the fundamental representation
there is no electric one-form global symmetry and therefore there is no order parameter for
a broken symmetry and we cannot unambiguously define Higgs and confinement. Further-
more, since the gauge group is simply connected, there is no magnetic symmetry either.
So the massive phase in this case is “featureless”: it cannot be characterized in terms of
the action of global symmetries on the vacuum, because there are no global symmetries
beyond the Lorentz symmetry.
5.4 PSU(N) gauge theory
As we discussed in section 4.2, the PSU(N) = SU(N)/ZN theory has a global one-form
magnetic ZN symmetry. This symmetry could be spontaneously broken to ZK for any K
a divisor of N . To see how this happens recall that the PSU(N) theory is characterized
by a discrete theta-parameter p = 0, . . . , N − 1 (for simplicity, we limit ourselves to spin
manifolds). Denoting the fundamental Wilson line by W and the electrically neutral ’t
Hooft line by H, the genuine line operators in the PSU(N) theory labeled by p are powers
of HW p [15]. Of course, HN and WN are also genuine line operators, which we will view
as trivial because they are invariant under the global symmetry.
In the standard confining vacuum of the theory we have condensation of magnetic
monopoles with no electric charge. Their charges are the same as those of HN . Let us
examine the unbroken subgroup of the global one-form ZN symmetry. Using L = gcd(p,N)
and K = N/L we have (HW p)K = HK(WN )p/gcd(p,N). The second factor is a power of
WN , which is invariant under the global symmetry and hence it has a perimeter law. The
first factor is not invariant under ZN , but since its electric-magnetic charge is aligned with
that of the condensing monopole, it also has a perimeter law. We conclude that (HW p)K
has a perimeter law, while (HW p)l with l 6= 0modK have area law. This means that the
one-form ZN symmetry is spontaneously broken to ZK .
As in our previous examples, this means that the low energy theory realizes a spon-
taneously broken ZN/ZK = ZL one-form symmetry. We will discuss this system in more
detail below and we will show that the unbroken ZK symmetry is also important in the IR.
This symmetry has anomalies that are saturated by excitations on boundaries or domain
walls. Therefore, the low-energy theory is not merely a ZL gauge theory but is the twisted
ZN theory of appendix B.
We can also consider other phases in which dyons condense. In the phase labeled by
k the condensed dyons have the charges of (HW k)N . By shifting θ → θ − 2πk/N we shift
p → p − k and the condensed dyons charges are those of HN . Therefore, in this case the
unbroken symmetry is ZN/gcd(p−k,N).
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6 S and T transformations
In this section we generalize Witten’s operations on 3d theories with global symmetries [18]
to 4d theories with one-form global symmetries.
When we consider the partition function on a manifold M of a theory with G-valued
q-form symmetry, it is natural to couple it to a flat background (q+1)-form gauge field λ.
Such a gauge field is a (q+1)-dimensional cocycle with values in G. Gauge transformations
change λ by an exact cocycle. Since the partition function ZM(λ) is gauge-invariant, it
can be regarded as a function on Hq+1(M, G):
ZM : H
q+1(M, G)→ C, [λ] 7→ ZM(λ). (6.1)
If G is finite, gauging the symmetry amounts to summing over flat (q + 1)-form gauge
fields with some weight. The simplest possibility is to assign equal weight to all gauge
fields. The resulting theory has a Ĝ-valued (d − q − 2)-form global symmetry, where
Ĝ = Hom(G,R/Z) is the Pontryagin-dual of G. The partition function of the new theory
twisted by a (d− q − 1)-form gauge field λ̂ is
ẐM(λ̂) ∼
∑
[λ]
ZM(λ) exp(2πi〈λ̂,∪λ〉). (6.2)
We leave the normalization factor arbitrary. Thus ẐM is a discrete Fourier transform
of ZM. Note that this makes sense because by Poincare duality H
d−q−1(M, Ĝ) is the
Pontryagin-dual of Hq+1(M, G). We may call this operation S.
If d is even and q = d/2 − 1, λ and λ̂ have the same degree, and both the original
theory and its S-transform have a q-form symmetry. It is easy to check that
(S2ZM)(λ) ∼ ZM(−λ), (6.3)
i.e. up to a numerical factor we have S2 = C, where C is charge-conjugation.
Let us further assume that d is divisible by 4, and we are given a quadratic function
σ : G → R/Z such that the corresponding symmetric bilinear form η is non-degenerate.
We can use η to identify G and Ĝ. Then the operation S acts as follows:
SZM(µ) ∼
∑
[λ]
ZM(λ) exp
(
2πi
∫
M
η(µ,∪λ)
)
. (6.4)
Further, the Poincare-Pontryagin bilinear form
Hq(M, G)×Hq(M, G)→ R/Z, (µ, λ) 7→
∫
M
η(µ,∪λ) (6.5)
has a quadratic refinement [50]
λ 7→
∫
M
Pσ(λ), (6.6)
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where Pσ : H
d/2(M, G) → Hd(M,R/Z) is the Pontryagin square operation associated
with σ. A detailed discussion of the Pontryagin square can be found in [16]. We can use
this quadratic refinement to define an operation T as follows:
T : ZM(λ) 7→ ZM(λ) exp
(
2πi
∫
M
Pσ(λ)
)
. (6.7)
In the special case G = ZN , we can take the quadratic function σ to be (1−N)x
2/2N
if N is odd and x2/2N if N is even, so that in both cases η(x, y) = xy/N . We claim that
in both cases S and T satisfy the SL(2,ZN ) relations.
The easiest way to see this is to consider a 5d topological 2-form gauge theory with
gauge group ZN . Such a gauge theory can be described in the continuum by an action
S =
iN
2π
∫
X
B1dB2, (6.8)
where B1 and B2 are U(1) 2-form gauge fields. (A somewhat related discussion appeared
in [51].) One can regard either B2 or B1 as a Lagrange multiplier field which constrains
B1 or B2, respectively, to be flat and have holonomy in N
th roots of unity.
This 5d theory has a ZN × ZN 2-form global symmetry generated by the surface
operators UI = e
i
∮
BI . Note that U2 is charged under the ZN global symmetry generated
by U1 and viceversa. Therefore, we cannot gauge both of them.
This theory has an obvious SL(2,ZN ) symmetry, with the generators S and T acting by
S : (B1, B2) 7→ (B2,−B1), T : (B1, B2) 7→ (B1 +B2, B2). (6.9)
For our purpose we consider the 5d manifold to be X = M× I, where M is a four
manifold and I is a line segment. At one end of the segment (the left end) we place our
4d gauge theory with its ZN one-form global symmetry, which is generated by the surface
operator U(M (2)) with M (2) a closed two-surface in M at the left end of I. U(M (2)) acts
on charged lines V inM at the left end. We couple this global symmetry to the bulk gauge
field B1. This means that a line operator V must be the boundary of an open B1 surface.
Another consequence of this gauging is that we must impose
U(M (2)) = ei
∮
M(2)
B2 . (6.10)
In other words, the (Dirichlet) boundary conditions of B2 correlate its component that is
a two-form along the boundary B2
∣∣ with the values of the 4d dynamical fields there. In
order to understand why (6.10) should be imposed consider an open B1 surface in the bulk
that ends on V in the left boundary. Adding a closed B2 surface in the bulk U2 that links
the B1 surface multiplies the answer by a ZN phase. Then we can slide the closed surface
U2 and move it to the left boundary, where it links V . In order to reproduce the same ZN
phase in the boundary theory, we must impose (6.10).
Next, we have to choose boundary conditions at the other boundary (the right end of
I). Here we set a linear combination of B1
∣∣ and B2∣∣ to zero. These choices are related by
SL(2,ZN ) of (6.9).
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Since the 5d theory is topological, we can think of I as being very short and then
the full 5d theory is effectively a four-dimensional theory on M. Therefore, the different
boundary conditions lead to different effective 4d theories. For example, with the right
boundary condition B1
∣∣ = 0 we recover the original 4d theory. To see that, note that the
lines charged under the global ZN need to be attached to surfaces constructed out of B1,
which can end on the right boundary and hence they behave like genuine line operators in
the effective 4d theory.
Alternatively, we can use the boundary conditions B2
∣∣ = 0 at the right boundary.
Now the 4d lines that need a surface constructed out of B1 are not genuine lines in the
effective 4d theory. The needed surface cannot end on the right boundary and it is physical
(although it could still be topological) in the effective 4d theory.
As a concrete example, let us start with a 4d SU(N) theory on the left boundary and
set B1
∣∣ = 0 at the right end of I. The effective theory is a 4d SU(N) theory. The Wilson
lines on the left boundary are attached to B1 surfaces, which can end on the right boundary.
They are genuine lines in the effective 4d theory. ’t Hooft lines need a surface in the 4d
theory on the left end of I. This surface is an open version of the closed surface operator
U . Therefore, the boundary conditions (6.10) mean that the ’t Hooft lines are attached to
open B2 surfaces. Since these surfaces cannot end on the right boundary, the ’t Hooft lines
are not genuine line operators in the effective 4d theory — they still need surfaces. We see
that the Wilson lines are attached to B1 surfaces and the ’t Hooft lines are attached to
B2 surfaces. Note that the ’t Hooft commutation relations in the effective 4d theory are
reproduced using the nontrivial braiding of surfaces of B1 and B2 in the bulk.
Alternatively, with boundary conditions B2
∣∣ = 0 at the right boundary Wilson lines
are still attached to B1 surfaces, but they cannot end on the right boundary. Then the
Wilson lines need surfaces in the effective 4d theory. Therefore, the effective theory is a
PSU(N) theory. The ’t Hooft lines are the left ends of B2 surfaces in the bulk. Now, these
surfaces can end on the right boundary and therefore the ’t Hooft lines are genuine lines
in the effective 4d theory. This is consistent with the theory being a PSU(N) theory.
While the S operation changes the theory we are considering, T acts by adding terms
that depend only on the background 2-form gauge field. This does not change the theory. It
only affects “contact terms.” Similarly, the group SL(2,ZN ) contains matrices diag(α, α
−1)
for α a unit in ZN . For example, for α = −1 this gives the charge conjugation operation.
Such operations correspond to a redefinition of the generator of ZN , and so also do not
change the theory in an interesting way. Thus the number of distinct physical theories we
may obtain by acting with a general SL(2,ZN ) element is given by:
Nth =
|SL(2,ZN )|
Nφ(N)
, (6.11)
where in the denominator, N comes from the action of T , and φ(N), the Euler totient func-
tion, counts the number of units in ZN .
20 Inserting expressions for the order of SL(2,ZN )
20Euler’s totient φ(n) is the number of totatives of n. These are the positive integers less than or equal
to n that are relatively prime to n.
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(see, e.g. [52]) and φ(N), we find:
Nth =
N3
∏
p|N (1− p
−2)
N2
∏
p|N (1− p
−1)
= N
∏
p|N
(1 + p−1) . (6.12)
The r.h.s. gives precisely the index of Γ0(N) in SL(2,Z). In the example of su(N) N = 4
SYM, this index was shown in [15] to give the number of distinct theories in an SL(2,Z)
orbit of the theory with SU(N) gauge group. Thus by repeated operations of gauging and
adding contact terms, we can obtain all the choices of gauge groups and discrete theta
parameters that lie in this orbit. For N square-free, this exhausts all the theories one can
define by gauging of one-form symmetries.
If N is not square-free, one can also gauge subgroups of ZN that are not factors of ZN .
For example, if N =M2, ZM is a subgroup of ZN , but ZN is not a product ZM ×ZM , but
a nontrivial extension of ZM by ZM . In this case gauging ZM results in a theory with a
ZM × ZM one-form symmetry with a mixed ’t Hooft anomaly. This anomaly signals that
one of the ZM factors is electric, and the other one is magnetic. Such an operation takes
one out of the set of theories with ZN one-form symmetries.
It is obviously possible to give a five-dimensional description of these other theories
in terms of more general choices of boundary conditions at the right end of the interval
I: we can simply start from the B1
∣∣ = 0 Dirichlet boundary condition, and gauge the
ZM subgroup of the ZN boundary one-form global symmetry. Remember that gauging
the full ZN boundary one-form global symmetry would have the net effect of enforcing
B2
∣∣ = 0, while at the same time relaxing the constraint on B1∣∣. The effect of gauging
the ZM subgroup of the ZN boundary one-form global symmetry is to partially relax the
constraint on B1
∣∣ and impose a partial constraint on B2∣∣.
The final result is a boundary condition which constrains both B1
∣∣ and B2∣∣ to lie in the
ZM subgroup at the boundary. This boundary condition treats B1
∣∣ and B2∣∣ symmetrically,
allowing only a ZM subset of the B1 and B2 surfaces to end. The boundary supports a
ZM ×ZM boundary global one-form symmetry with the expected mixed ’t Hooft anomaly.
With a bit of extra work it is also possible to promote this boundary condition to a du-
ality wall between two different formulations of the same 5d theory (6.8): the standard for-
mulation involving the two ZN two-form connections B1 and B2, and a dual formulation in-
volving four ZM connections B3, B4, B5, B6. Schematically, that is a theory with an action
S =
i
2π
∫
X
[MB3dB4 +MB5dB6 +B5dB4] , (6.13)
which can be coupled to a 4d theory with ZM×ZM one-form global symmetry and a mixed
’t Hooft anomaly compensating for the extra 5d CS term B5dB4.
Example: so(N) gauge theory in four dimensions. As a concrete example, take
a four dimensional so(N) gauge theory, with vector matter, on a four manifold M4 with
non-trivial 2-cycles. There are two choices of global form of the gauge group, Spin(N)
and SO(N). When the gauge group is SO(N) there are four choices of the discrete theta-
parameter. On a spin manifold, there are only two inequivalent choices and the theories
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are denoted SO(N)± [15]. In that case, each of the three theories, Spin(N) and SO(N)±
has a Z2-valued 1-form symmetry, and so we can compute the partition function of each
theory with this symmetry coupled to a background 2-form gauge field B ∈ H2(M,Z2).
Consider for example the Spin(N) case. Its partition function is
ZSpin(N)(B) = Z(w2)
∣∣∣∣
w2=B
, (6.14)
where by the r.h.s. we mean the contribution to the path integral from SO(N)-valued
gauge fields living in the bundles with second Stiefel-Whitney class w2 = B. Note that the
partition function with the background gauge field set to zero is given by the contribution
from the SO(N) bundles which are also Spin(N) bundles, as expected.
Gauging this one-form symmetry is achieved by summing over flat 2-form gauge fields
B with a weight
exp
(
πi
∫
M
B̂ ∪B
)
, (6.15)
where B̂ is a new background 2-form gauge field. We have called this operation S above.
Applying it to the Spin(N) theory gives the SO(N)+ theory whose partition function is
ZSO(N)+(B) ∼
∑
w2
Z(w2) exp
(
πi
∫
M
B ∪ w2
)
. (6.16)
On the other hand, the operation T acts by multiplying the partition function Z(B)
by a factor
exp
(
2πi
∫
M
P(B)
)
. (6.17)
Here P is the Pontryagin square operation on H2(M,Z2) taking values in H
4(M,R/Z)
and corresponding to the quadratic function σ : Z2 → R/Z given by σ(x) = x
2/4.21
The operation T only affects coupling to the background 2-form gauge field, but it
gives interesting results when combined with S. For example, applying T and then S to
the Spin(N) theory we get the SO(N)− theory whose partition function is
ZSO(N)−(B) ∼
∑
w2
Z(w2) exp
(
2πi
∫
M
P(w2) + πi
∫
M
B ∪ w2
)
(6.19)
When we have a duality, performing the same operation on both sides should give
new dual pairs. This gives constraints on what background terms should appear. For
example, consider the duality of [53, 54] involving an N = 1 theory with gauge Lie algebra
21In this special case, the Pontryagin square can be written schematically as
P(B) =
1
4
B˜ ∪ B˜. (6.18)
where B˜ is a lift of a Z2-valued 2-cocycle B to an integral 2-cocycle. It is easy to check that this expression
is independent of the choice of the lift. What is not clear from this schematic formula is what to do if
B does not lift to an integral 2-cocycle, but only to a 2-cochain closed modulo 2. This difficulty can be
circumvented, (see appendices in [11, 16] for a detailed explanation).
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so(Nc) and Nf flavors, whose dual has Lie algebra so(N̂c) = so(Nf + 4−Nc). Taking into
account the global form of the gauge groups, it was shown [15] that the SO+ theories are
mapped to themselves, and the Spin and SO− are exchanged. Taking into account also
the background terms, the precise mapping is:
Spin(Nc)↔ T (SO−(N̂c)), SO+(Nc)↔ T (SO+(N̂c)), SO−(Nc)↔ T (Spin(N̂c)).
(6.20)
One can check that applying S or T to a dual pair takes one to a new dual pair.
7 Applications
7.1 Selection rules
As ordinary symmetries, higher form symmetries can lead to selection rules on amplitudes.
A typical example arises in the functional integral over a compact spacetime with a charged
loop wrapping a homologically nontrivial cycle. The one-form global symmetry under which
the loop is charged makes this amplitude vanish. More generally, that loop might not even
be connected and its amplitude must still vanish. Similarly, the expectation values of other
charged defects are also constrained by their higher-form symmetry.
A concrete example is a U(1) pure gauge theory on a compact manifold with non-trivial
one-cycles. A Wilson loop wrapping a nontrivial element in H1(X,U(1)) is charged under
the the one-form U(1) electric symmetry, and therefore its expectation value vanishes. This
fact was shown in [55] using a change of variables in the functional integral, which amounts
to using the one-form symmetry. Similarly, an SU(N) pure gauge theory has a one-form
ZN global symmetry. We place it on a compact manifold and wrap a Wilson loop around
a nontrivial element in H1(X,ZN ). Since it is charged under the global symmetry, its
expectation value vanishes.
As another example, consider the U(1) or the PSU(N) theory and its ’t Hooft loop. The
global one-form magnetic symmetry forces its expectation value to vanish when it wraps a
homologically non-trivial one-cycle. In terms of the fundamental gauge degrees of freedom
this vanishing arises because the ’t Hooft loop cannot be defined in this case. The presen-
tation based on the global symmetry does not assume a specific Lagrangian formulation.
Note that our discussion above about the nonzero expectation value of the Polyakov
loop on R3 × S1 and its breaking of the global symmetry does not contradict these state-
ments. Spontaneous symmetry breaking can take place only when the space is non-
compact. Alternatively, we can detect it with compact spacetime M3 × S
1 by considering
the expectation value of two oppositely oriented loops wrapping the S1 factor. The se-
lection rule allows this expectation value to be nonzero. Then we take the limit of the
distance between the two loops to be very large, but still much smaller than the size of
the compact three manifold M3. A nonzero expectation value in that limit signifies the
spontaneous symmetry breaking.
7.2 Phases of 4d gauge theories
Landau’s characterization of phases depends on ordinary global symmetries and whether
they are spontaneously broken or not. These phases are characterized by the expectation
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values of local order parameters that are charged under the symmetry. Wilson’s and ’t
Hooft’s characterization of phases depends on the behavior of loops. Using our discussion
above, we can state it in terms similar to Landau’s. The novelty is in the fact that the
relevant symmetries are higher form symmetries.
As we discussed in section 5, when a theory has a one-form global symmetry G, which
is broken to a subgroup K the lines charged under K have an area law and the lines neutral
under K have a perimeter law (or Coulomb behavior). Using different dual presentations of
the same theory does not change G and K. But it typically changes their nature as electric
or magnetic. Therefore, when we describe the phase of the system using the standard
terminology (confinement, Higgs, etc.) we have to assume the set of fundamental degrees
of freedom as well as the long distance behavior.
For example, consider the N = 2 SU(2) pure gauge theory deformed by a small N = 1
preserving mass. This system as a one-form global Z2 symmetry. It is an electric symmetry
and the charged lines are Wilson lines. After the mass deformation these lines exhibit an
area law signaling confinement and the fact that the global Z2 is unbroken. In terms of the
long distance degrees of freedom, it is more natural to use different dual frames (different
in the two vacua of the system) in which the fundamental SU(2) Wilson loop is a U(1)
’t Hooft loop. The global Z2 is still unbroken, but using these degrees of freedom the
phenomenon looks like a Higgs phase.
Another lesson from our discussion is that the standard confinement-Higgs-Coulomb
classification of phases is incomplete. First, there is the known oblique confinement phase.
Second, there is the phenomenon of nontrivial confinement index, where the basic Wilson
loop has an area law, but a nontrivial power of it has a perimeter law. We also discussed
examples of a similar phenomenon with ’t Hooft loops.
We propose to classify the phases not in terms of these traditional terms, but instead,
in terms of the one-form global symmetry G and its unbroken subgroup K (as well as their
description using the UV degrees of freedom).
In fact, G and K might not be enough to characterize the phase. This can be seen in
two ways. First, as we will discuss in the coming sections, the unbroken group K could have
’t Hooft anomalies, which should be captured by the low-energy theory. These anomalies
lead to excitations on boundaries. Therefore, there can be distinct phases with the same
G and K, but different anomalies. Specifically, for discrete G and K, the low-energy bulk
theory is a G/K gauge theory and the anomaly is represented by an additional parameter
in that theory.
Second, phases can also be characterized by the long distance behavior of disk operators
— line operators that bound a topological surface. These are not genuine lines and hence do
not fall into our characterization of symmetry. Yet, since the surface is topological, they can
be used to probe phases. For example, in the PSU(N) theory the Wilson line is not a gen-
uine line and needs a topological surface. But it can still be used to probe confinement [11].
It would be nice to find a simple complete characterization of phases of 4d gauge theories.
The 5d picture of the 4d gauge theory, which we discussed in section 6, gives a new
perspective on the discussion of phases. There we studied a 5d TQFT on M× I with M
a four-manifold and I a line segment. A 4d theory is placed on the left end of I and its
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global one-form symmetry is coupled to a 5d gauge field. The theory is also characterized
by the boundary conditions on the right end of I. In the limit that I is short, we find
an effective 4d QFT. But since the bulk theory is topological, we should find the same
answers when I is large. In that limit it is clear that the local excitations of the theory are
independent of the boundary conditions on the right. This means that as we vary these
boundary conditions we find different 4d theories, all with the same local excitations. For
example, an SU(N) gauge theory and a PSU(N) gauge theory with its various discrete
theta parameters are all related by such a construction. Therefore, they can exhibit the
same phases. The discussion of the long distance behavior of open disk operators above
is a demonstration of this fact. The Wilson line can be thought of as having a surface
running to the right end in the SU(N) theory or as having a surface in the left end or in
the bulk in the PSU(N) theory. In either case, its area law behavior signals confinement.
7.3 Topological phases protected by one-form symmetry
Another use of higher-form symmetries is to define new classes of Symmetry Protected
Topological (SPT) Phases. The notion of an SPT phase arose in condensed matter theory.
These phases can be characterized by the following three properties: (1) they are gapped
(i.e. the energy gap between the ground state and the first excited state stays nonzero
in the large volume limit); (2) the ground state is non-degenerate and has no long-range
entanglement; (3) the system cannot be deformed to the trivial system, i.e. a system whose
ground state is a factorized state, without breaking a global symmetry Γ or without closing
the gap. The definition of long-range entanglement is somewhat tricky and goes beyond
the scope of this paper. Suffice it to say that it implies the non-degeneracy of the ground
state on a compact space of any topology.22
It was proposed in [10] to generalize the notion of an SPT phase by replacing ordinary
global symmetries with higher-form global symmetries. Specifically, it was proposed that
phases of 4d gauge theories with oblique confinement are examples of SPT phases protected
by one-form symmetry. In this section we elaborate on this proposal.
Let G be a compact semi-simple Lie group. Consider a 4d gauge theory with gauge
group G. Let us assume that all matter fields transform trivially under a subgroup Γ ⊂ Z(G)
of the center of G, so that the theory has a global one-form symmetry Γ. In a confining
or oblique confining phase this symmetry is unbroken and there is a mass gap. While the
vacuum need not be unique, we can focus on one of them and ask whether it corresponds
to a nontrivial SPT phase protected by the one-form Γ symmetry. To determine this,
we need to study the system in the presence of topological defects generating the one-
form symmetry, or equivalently by coupling the system to a background 2-form gauge field
B ∈ H2(M,Γ). The partition function of the system will be a B-dependent phase (because
the ground state is non-degenerate even after coupling to B).
The computation of the phase proceeds as follows (see appendix E for details). First
of all, we twist by B using a network of topological defects Uγ implementing Γ transforma-
22In fact, in many of our examples, the ground state has long-range entanglement and accordingly the
low-energy theory is described by a nontrivial TQFT, enriched with global symmetries. In the condensed
matter literature the corresponding phases are known as Symmetry Enhanced Topological (SET) phases.
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tions. These defects are localized on codimension-2 submanifolds and generically intersect
pairwise at points. We can eliminate the intersection by excising a disk on one of the
two intersecting defects and placing a suitable loop operator on the resulting boundary.
This loop must have a perimeter law, if we want the network to remain topological. The
nontrivial phase of the partition function may arise because of nontrivial Γ-charge of these
loop operators.
In a confining phase the partition function is trivial. Indeed, the boundaries of topolog-
ical defects Uγ implementing Γ transformations are ’t Hooft loops, which have a perimeter
law and do not carry electric charge. Thus the confining phase (which is intuitively de-
scribed as a phase with a monopole condensate) is a trivial SPT phase. On the other
hand, in an oblique confining phase (which is intuitively described as a phase with a dyon
condensate) the usual ’t Hooft loop has an area law. But for any magnetic charge γ ∈ Γ
there exists a Wilson-’t Hooft loop with electric charge η(γ, ·) ∈ Γ̂ that has a perimeter
law. Intuitively, these are loops whose charges are proportional to the charges of the con-
densed dyons. One can terminate Uγ on such a Wilson-’t Hooft loop. These loops carry
Γ-charge and therefore lead to a nontrivial phase in the partition function. One can show
(see appendix E) that the corresponding partition function is given by
exp
(
2πi
∫
M
Pσ(B)
)
, (7.1)
where σ : Γ → U(1) is a quadratic refinement of η : Γ × Γ → U(1), and Pσ is the
corresponding Pontryagin square. Thus oblique confining phases correspond to nontrivial
SPT phases.
Note that while on spin-manifolds the partition function is determined by η alone, on
non-spin manifolds it depends also on σ.
An alternative way to detect a nontrivial SPT phase is to consider its boundary. If
we assume that the symmetry is unbroken on the boundary, a nontrivial SPT phase can
be characterized by the fact that the action of the symmetry on the boundary degrees of
freedom has an ’t Hooft anomaly. This anomaly is canceled by the anomaly inflow from
the bulk.
Let us make this explicit in the case of oblique confining phases. The electric sur-
faces should be able to end topologically on a symmetry-preserving boundary. Concretely,
suppose the theory is defined on x4 > 0, the first surface extends along x1 and x4 at
x2 = x3 = 0, ending on a topological line defect at x4 = 0, and the second extends along x2
and x4 at x1 = 0 and x3 = L > 0, ending on a topological line defect at x4 = 0. See figure 1.
Consider a deformation of the system that brings the second line defect from x3 = L to
x3 = −L, thus bringing it across the first line defect. We do that only at the vicinity of the
boundary without deforming the system far from the boundary. The two surface defects
now intersect at one point, and the configuration has an extra contact term exp 2πiη(γ, γ′).
Therefore, the boundaries of the Uγ surface operators commute only up to a phase, as
in (4.9) , and the symmetry has an ’t Hooft anomaly on the boundary.
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Figure 1. Demonstrating oblique confinement as an SPT phase. The x2 direction is omitted. The
green plane is the boundary. The blue plane is a first surface defect ending on the blue line. The
red line is a second surface defect (extending along x2) ending on the red dot. The dotted red line
is the original position of the second surface defect. The black dot is the intersection point of the
two surface defects.
Alternatively, we can do a gauge transformation B → B + dλ for a Γ-valued one-form
λ in the partition function. If M has a boundary, we are left with an anomaly
exp
(
2πi
∫
∂M
η(λ,B)
)
(7.2)
In order to cancel the anomaly, we need to add extra boundary degrees of freedom. A
simple possibility is a 3d TQFT equipped with line defects Lγ labeled by elements of Γ,
such that LγLγ′ = Lγ+γ′ . Such line defects can be deformed across each other, at the price
of a factor controlled by the modular matrix Sγ,γ′ .
If we select the 3d TQFT in such a way that
e2πiη(γ,γ
′)Sγ,0S0,γ′ = Sγ,γ′S0,0 (7.3)
and we dress the boundary endpoints of Uγ operators by the Lγ line defects, the bulk
contact term above cancels out against the extra boundary 3d TQFT phase and the dressed
Uγ surfaces are fully topological.
If the 3d TQFT is associated to a 2d RCFT, such a family of line defects is associated
with a collection of simple currents of some dimensions ∆γ and the phase above can be
identified with exp 2πi(∆γ+γ′ −∆γ −∆γ′).
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7.4 BPS domain walls in SU(N) SYM
Supersymmetric Yang-Mills theory with SU(N) gauge group is expected to have a rather
straightforward low energy description. The theory confines and breaks spontaneously a
global Z2N R-symmetry to Z2. The spontaneous symmetry breaking is associated to the
vev of a gaugino bilinear
〈Trλαλα〉 = e
2piik
N Λ3 . (7.4)
The integer k = 0, · · · , N −1 labels the N vacua of the theory and Λ is the strong coupling
scale.
As the theory contains only adjoint matter, it has stable confining strings, which can
end on Wilson loops in the (anti)fundamental representation, much as it happens for non-
supersymmetric pure SU(N) Yang-Mills theory. The specific type of confinement depends
on the choice of vacuum: intuitively, confinement in the k-th vacuum is induced by the
condensation of a dyon with electric charge proportional to k. Hence, these are oblique
confinement vacua.
As in the discussion above, the one-form ZN global symmetry is unbroken in all of
these vacua, but its ’t Hooft anomaly is different in the different vacua. Roughly, the N
vacua of the theory correspond to distinct SPT phases for the one-form ZN symmetry of
the theory [56]. More precisely, since the system has N vacua this is actually a Symmetry
Enhanced Topological (SET) phase. In terms of the global Z2N → Z2 R-symmetry the
TQFT is very simple: a sigma-model whose target is the set of N vacua with obvious
action of the global symmetry. To that we need to add the effect of the one-form global
ZN symmetry. We will do that momentarily.
This observation agrees and partly explains the rich topological structure of the dy-
namical domain walls of the theory. Indeed, the BPS domain wall between the k-th and
(k + n)-th vacua of the theory conjecturally supports an N = 1 supersymmetric U(n)N
Chern-Simons theory [57]. As we computed in section 4.4, this theory has a ZN one-form
symmetry with ’t Hooft anomaly. This anomaly matches the difference between the ’t
Hooft anomalies of the ZN one-form symmetry between the k-th and (k + n)-th vacua on
the two sides of the wall.
Notice that supersymmetry is definitely instrumental in determining certain properties
of the domain walls, but supersymmetry alone does not explain why the domain wall
world volume theory should include topological degrees of freedom at low energy. The
existence of topological degrees of freedom should be robust under perturbation of the
theory, irrespective of supersymmetry, as long as they don’t change its universality class.
The presence of non-trivial one-form ZN symmetry and its different ’t Hooft anomalies in
different vacua of the 4d gauge theory provides such a robust motivation.
Topological considerations alone, of course, cannot explain why the domain walls
should support U(n)N Chern-Simons theory rather than, say, a U(1)
n
N Chern-Simons theory
or any other 3d TQFT with the same one-form symmetry and the same ’t Hooft anomaly
for it, i.e. with a collection of line defects La with an appropriate Saa′ modular matrix.
It is interesting to elaborate further on the interplay between the spontaneously broken
global zero-form R-symmetry and the one-form ZN symmetry. As above, couple the UV
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action to a classical ZN two-form gauge field B. Then, since the zero-form R-symmetry
rotation shifts the θ-angle by 2π, it performs the T operation of section 6. In other words,
a global zero-form symmetry transformation shifts the action by a quadratic function of B
δS =
i
2
∫
N
2π
B ∧B . (7.5)
More explicitly, the ZN one-form symmetry acts on the UV connection as A→ A+ λ. We
can write the coupling of the UV theory to the background connection B by replacing the
field strength F in the action by the invariant combination FB = F −B. In particular, the
UV θ-angle couples to B as
−
iNθ
8π2
∫
B ∧B . (7.6)
Because of the R-current anomaly, the Z2N zero-form global symmetry holds only up to
shifts of the θ-angle, and thus the UV action coupled to the B two-form connection shifts
as desired under the zero-form global symmetry transformations.
This shift of the action by (7.5) can be thought of as the result of a mixed cubic ’t Hooft
anomaly involving the global zero-form symmetry and the global one-form symmetries of
the theory.
The ’t Hooft anomaly matching conditions state that the same shift by (7.5) should be
present also in the IR theory. To see that, we describe the spontaneously broken Z2N → Z2
by the effective Lagrangian iN2π φ dA
(3) where φ ∼ φ+ 2π is a scalar and A(3) is a properly
normalized three-form gauge field. The N vacua are labeled by 〈eiφ〉 = e
2piik
N and ei
∮
A(3)
describes a domain wall between them. The ’t Hooft anomaly can then be described by
coupling this system to the classical background ZN gauge field B as
iN
2π
φ
(
dA(3) +
N
4π
B ∧B
)
. (7.7)
The one-form gauge transformation of the background B shifts B → B + dλ. It must act
on A(3) as
A(3) → A(3) −
N
2π
B ∧ λ−
N
4π
λ ∧ dλ . (7.8)
In (7.7) B is a ZN gauge field. It is sometimes convenient to express it in terms of
U(1) gauge fields. As in [11], this can be done by adding a Lagrange multiplier two-form
dynamical field f . Specifically, we can change (7.7) to
iN
2π
φ dA(3) +
i
2π
f ∧ (da−NB) +
i
8π2
φ da ∧ da . (7.9)
The first term represents the ordinary global ZN symmetry. a is a U(1) gauge field and
hence the constraint NB = da makes the gauge field B flat and sets its periods to be in
ZN . The last term coincides with the last term in (7.7) when the constraint is used. On a
spin manifold the theory based on (7.9) is invariant under
a → a+ dλa +Nλ
B → B + dλ
– 38 –
J
H
E
P
0
2
(
2
0
1
5
)
1
7
2
A(3) → A(3) + dλ(2) −
1
2π
da ∧ λ−
N
4π
λ ∧ dλ . (7.10)
Here λa is an ordinary U(1) gauge transformation parameter, λ is a one-form U(1) gauge
transformation parameter and λ(2) is a two-form gauge transformation parameter.
The actions (7.8), (7.9) exhibit all the anomalies in the IR theory. They describe a SET
phase with the appropriate zero-form and the one-form global symmetries. They lead to
N vacua with different ’t Hooft anomalies (roughly, in different SPT phases of a one-form
global symmetry) corresponding to the different oblique confining vacua of the system.
This discussion makes it easy to gauge B. In the UV this has the effect of changing
the gauge group to PSU(N) (see [11] and appendix C). In the IR we simply need to view
B in (7.7) as a dynamical field. We can also promote it to a U(1) gauge field and add a one
form gauge field A with the term iN2πAdB, as in appendix B. The coupling of φ to B ∧ B
can then be recognized as making the twisting parameter p in appendix B dynamical.
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A The Zn × Zm Dijkgraaf-Witten theory in 2d
A.1 The bulk theory
In this appendix we comment on the 2d Dijkgraaf-Witten theory [19] with gauge symmetry
Zn1 × Zn2 . We follow the continuum presentation of [11] and extend the discussion there.
The action is
S =
i
2π
∫ (
n1B1F1 + n2B2F2 + p lcm(n1, n2)A1 ∧A2
)
, (A.1)
where BI (with I = 1, 2) are 2π-periodic scalars, AI are U(1) gauge fields with FI =
dAI , and the parameters nI and p are integers. The theory with p is the same as with
p+ gcd(n1, n2) and hence we will take p = 0, . . . , gcd(n1, n2)− 1. This system is invariant
under the gauge symmetry
AI → AI + dfI
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BI → BI − ǫIJ
PnJ
K
fJ , (A.2)
where we use the notation
P =
p
gcd(p, n1, n2)
K =
gcd(n1, n2)
gcd(p, n1, n2)
gcd(P,K) = 1 . (A.3)
For p = 0 this theory has a zero-form (ordinary) global Zn1 × Zn2 symmetry and a
one-form global Zn1 × Zn2 symmetry, which are generated by
UI = e
i
∮
AI
VI = e
iBI , (A.4)
respectively. They act on the fundamental fields as
BI → BI +
2π
nI
AI → AI +
1
nI
ζI (A.5)
with ζI a properly normalized flat gauge field. The charged objects are VI and UI , respec-
tively. Using the equations of motion the generators satisfy
UnII = V
nI
I = 1 . (A.6)
For nonzero p we start with the gauge invariant operators
UI = e
i
∮
AI
V̂I(γ) = e
iBI(P)e−iǫIJ
PnJ
K
∫
P
′
P
AJ e−iBI(P
′) , (A.7)
and their powers. Here UI are functions of closed lines. V̂I are functions of open lines along
γ starting at P and ending at P ′. As for p = 0,
UnII = 1 . (A.8)
Also, since our theory is topological, the correlation functions of open line operators are
trivial and hence
V̂I = 1 . (A.9)
Equivalently, (A.9) follows from the equation of motion of AI
KdBI + ǫIJPnJAJ = 0 . (A.10)
We should make a clarifying comment. When we study correlation functions of oper-
ators we should exclude operators at coincident points. This means that an insertion of
V̂I or UI exclude additional operators that touch the lines along which AI are integrated.
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This is the sense in which equations like (A.8), (A.9) are valid. But we can argue more
than that. Equation (A.8) follows from the equation of motion of BI . Therefore, it can
be violated by contact terms only when an operator depending on BI touches the line —
not when the line is crossed by an integral of AI . Equivalently, as we cross the line of U
nI
I ,
BI → BI + 2π, but these two values are identified. On the other hand, equation (A.9)
follows from the equation of motion of AI and therefore can be violated when the line is
crossed by an integral of AI . We conclude that while (A.9) can suffer from contact terms
when the line is crossed, (A.8) does not.
This understanding allows us to find nontrivial local operators. The line attached to
V̂ KI does not have contact terms and hence V̂
K
I is a product of two genuine local operators.
One of them is at P and the other is at P ′. In what follows we will use the notation
VI = e
iKBI (A.11)
and will not write the line attached to it.23 The local operators VI are indeed nontrivial,
for example when UI surrounds VI it leads to a phase e
2πiK/nI .
We see that the theory has n1n2
K2
genuine local operators generated by VI .
Let us analyze the closed lines more carefully. We can open the closed line operator
U
PnI
K
I and let it end, as in (A.7). Hence, its correlation functions are trivial and U
PnI
K
I =
1. Note that unlike (A.8), this equation can suffer from contact terms. Combining this
information with (A.8) we learn that the nontrivial closed lines are generated by UI and
they satisfy
U
nI
K
I = 1 , (A.12)
where again, the equation can be violated by contact terms.
We conclude that the theory has a global zero-form Zn1
K
× Zn2
K
symmetry generated
by UI and a global one-form Zn1
K
× Zn2
K
symmetry generated by VI . The charged objects
under these two symmetries are VI and UI respectively. Comparing with the situation with
p = 0 we see that we gauged a global zero-form K = ZK × ZK ⊂ Zn1 × Zn2 symmetry,
which acts as (compare with (A.5))
BI → BI +
2π
K
. (A.13)
This gauging reduces the global symmetry to the quotient
Zn1 × Zn2 →
Zn1 × Zn2
ZK × ZK
= Zn1
K
× Zn2
K
. (A.14)
This gauging also eliminates the local operators eiBI and thus reduces the one-form Zn1 ×
Zn2 symmetry to a subgroup
Zn1 × Zn2 → Zn1
K
× Zn2
K
⊂ Zn1 × Zn2 . (A.15)
23One might question this notation in situations where the total number of insertions of VI does not allow
us to connect them by lines. A global symmetry, which will be discussed below, guarantees that whenever
such a question arises the correlation function vanishes.
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A.2 Canonical quantization on a cylinder
The identification of the global symmetry and the operators can also be obtained using
canonical quantization, with space taken to be S1 parameterized by a periodic coordinate
σ ∈ [0, 2π). We choose axial gauge for AI and then impose Gauss’s law. For p = 0 it
constrains BI to be constant and the theory reduces to an ordinary quantum mechanical
system of 2π-periodic variables bI =
1
2π
∮
BIdσ and aI =
∮
AI with the action
i
2π
∫ (
n1 b1∂0a1 + n2 b2∂0a2
)
dt . (A.16)
Quantization of such a system is standard and yields a Hilbert space of dimension n1n2.
The operators UI = e
iaI and VI = e
ibI are realized as clock and shift matrices satisfying
UnII = V
nI
I = 1
UIVJ = VJUI for I 6= J
UIVI = e
2pii
nI VIUI . (A.17)
As in the discussion of local operators above, UI generate a Zn1 ×Zn2 symmetry. The one-
form global symmetry Zn1 × Zn2 becomes an ordinary symmetry in the effective quantum
mechanical system. It is generated by VI . And the central extension in the third line
in (A.17) represents the fact that UI are charged under the symmetry generated by VI and
viceversa.
For nonzero p the Gauss’s law constraint implies (see also (A.10))
PnI(AI)σ − ǫIJK∂σBJ = 0 . (A.18)
Substituting this in the action (A.1) we find the effective quantum mechanical sys-
tem (A.16) except that now
aI =
∮
AI =
ǫIJK
PnI
(BJ(2π)−BJ(0))
bI =
1
2
(BI(2π) +BI(0)) . (A.19)
The dependence on p is through the constraint aI ∈ 2π
K
PnI
Z. Because of that, UI = e
iaI =
ei
∮
AI satisfies U
PnI
K
I = 1 and using U
nI
I = 1 we have, as in (A.12),
U
nI
K
I = 1 . (A.20)
The constraint (A.20) has another consequence. Since aI is the momentum conjugate
to bI it means that not only bI ∼ bI + 2π, but also bI ∼ bI +
2πP
K , or equivalently
bI ∼ bI +
2π
K
. (A.21)
Therefore, the physical operators are not generated by eibI , but by
VI = e
iKbI . (A.22)
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Again, this agrees with the analysis of the local operators above. As in (A.13), the con-
straint (A.20) and the identification (A.21) can be interpreted as gauging a ZK × ZK
symmetry.
For p = 0 our system has a Zn1 × Zn2 global symmetry, which is completely sponta-
neously broken. Gauging K = ZK × ZK ⊂ Zn1 × Zn2 means that the subgroup generated
by U
nI
K
I does not act on the low energy fields. This can be interpreted to mean that this
symmetry is unbroken and does not act on the light modes. In other words, the global
Zn1 ×Zn2 symmetry is broken to ZK ×ZK and the topological theory realizes the quotient
Zn1 × Zn2
ZK × ZK
= Zn1
K
× Zn2
K
. (A.23)
This discussion suggests that the theory (A.1) can describe the low energy dynamics of
a non-topological theory with global symmetry Zn1 × Zn2 , which is spontaneously broken
to K = ZK × ZK . The UV theory has n1n2 closed line operators UI , which generate the
symmetry and local operators OI , which transform under it. Because of the spontaneous
breaking, no low energy mode transforms under the unbroken ZK ×ZK . Hence, the corre-
lation functions of the local UV operators that transform nontrivially under ZK×ZK decay
exponentially in the distance and they vanish in the IR theory. In our description these
are the non-gauge invariant operators generated by eiBI . On the other hand, the operators
VI , which are K = ZK ×ZK invariant can survive in the low energy theory. In fact, in the
infinite volume limit these operators have vacuum expectation values, which are responsi-
ble for the spontaneous symmetry breaking. Similarly, the low energy theory should not
include the operators U
nI
K
I , which generate the unbroken ZK ×ZK . Unlike the charged OI ,
whose correlation functions vanish at long distance, these operators are identified as one
in the IR theory and the set of nontrivial UI operators should be modded out by them.
A.3 The system with a boundary
Dirichlet boundary conditions. Let us discuss the system when it has a boundary.
We pick boundary conditions such that there is no surface term in the variation of the
action. The variation of (A.1) leads to the boundary term
i
2π
∫
∂M
nIBIδAI
∣∣ , (A.24)
where ∂M is the boundary and (· · · )
∣∣ means along the boundary. We want to preserve the
ordinary global symmetry Zn1 × Zn2 , which shifts BI . Therefore, we pick the boundary
conditions
AI
∣∣ = 0 . (A.25)
This means that the U(1)×U(1) gauge transformation parameters fI must vanish on the
boundary.
It is important that the Dirichlet boundary conditions (A.25) break the one-form
Zn1 × Zn2 of the bulk theory. Another possible choice is BI
∣∣ = 0, which preserves the
one-form global symmetry but breaks the ordinary global symmetry. Note that there is no
choice of boundary conditions that preserves the entire symmetry of the bulk.
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Let us enumerate the boundary operators. First, we can have local boundary operators
V˜I(P) = e
iBI(P) , (A.26)
where P is a point along the boundary. Note that it is gauge invariant. Second, we can
have line operators ending on the boundary
U˜I(γ) = e
i
∫
γ AI , (A.27)
where the line γ starts and ends at boundary points on the same or a different component
of the boundary. Even though γ is an open line, the fact that the gauge transformation
parameters vanish at the boundary makes (A.27) gauge invariant. We could also try to
construct line operators starting at the boundary and ending on eiBI at a point in the bulk.
But these are equivalent to (A.26).
Unlike the bulk operators, the boundary operators (A.26), (A.27) realize the full Zn1×
Zn2 zero-form and one-form symmetries.
In order to see the symmetries and the boundary states more clearly, we analyze the
system on a strip using canonical quantization. As in the discussion about the cylinder
starting around (A.16), we parameterize the strip by σ ∈ [0, 2π] and time by t. We pick
axial gauge and derive the effective action
Seff =
i
2π
∫ (
n1B1(0)∂0a1 + n2B2(2π)∂0a2
)
dt
=
i
2π
∫ (
n1B1(2π)∂0a1 + n2B2(0)∂0a2
)
dt (A.28)
with
aI =
∫
AI =
ǫIJK
PnI
(BJ(2π)−BJ(0)) . (A.29)
(For p = 0, BI(2π) = BI(0) and aI is an independent variable.) All the variables
BI(0), BI(2π) and aI are 2π periodic. These variables are related to the boundary opera-
tors (A.26), (A.27) through
U˜I(γ) = e
iaI
V˜I(0) = e
iBI(0)
V˜I(2π) = e
iBI(2π) (A.30)
with γ a line from σ = 0 to σ = 2π.
The action (A.28) shows that we have an n1n2 dimensional Hilbert space. V˜1(0),
V˜2(2π) and U˜I (or alternatively V˜1(2π), V˜2(0) and U˜I) reflect the full Zn1 × Zn2 zero-form
and one-form symmetries of the bulk problem
V˜I(0)
nI = V˜I(2π)
nI = U˜nII = 1
V˜1(0)U˜1 = e
2pii
n1 U˜1V˜1(0)
V˜2(2π)U˜2 = e
2pii
n2 U˜2V˜2(2π) . (A.31)
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We can focus on a single boundary (say, at σ = 0) by writing (A.28) as
Seff =
i
2π
∫ (
n1B1(0)∂0a1 + n2B2(0)∂0a2 −
n1n2P
K
a2∂0a1
)
dt . (A.32)
Using this action or the operator relations (A.31) together with
V˜2(0) = e
iB2(0) = eiB2(2π)e−i
Pn1
K
a1 = V˜2(2π)U˜1(γ)
−
Pn1
K (A.33)
we find
V˜1(0)V˜2(0) = e
− 2piiP
K V˜2(0)V˜1(0) . (A.34)
This means that the local operators on the same boundary realize a central extension of
Zn1 ×Zn2 . Similarly, we find the same algebra at the other boundary of the strip, σ = 2π.
Furthermore, operators at different boundaries commute
V˜I(0)V˜J(2π) = V˜J(2π)V˜I(0) . (A.35)
The lack of commutativity in a single boundary can be interpreted as dependence on
their order along the boundary. Note that V˜ KI are central. Indeed, the boundary operator
V˜ KI is the limit of the bulk operator VI (A.11). And as such it can smoothly move to
the bulk and return to the boundary at a different point. Therefore, the order of such an
operator along the boundary is not important and it is central.
As a check of the fact that V˜ KI is the limit of the bulk operator VI (A.11) we can verify
that our algebra of operators satisfies
V˜I(0)
K = V˜I(2π)
K . (A.36)
As another check, note that there exist integers rI such that
U˜
n1
K
1 = V˜2(0)
r2 V˜2(2π)
−r2
U˜
n1
K
2 = V˜1(0)
r1 V˜1(2π)
−r1 . (A.37)
This reflects that fact that the dependence on the line in U˜
nI
K
I is topological and it factorizes
to two local boundary operators.
In conclusion, U˜I = e
iaI generate Zn1×Zn2 (without a central extension), which can be
identified as the ordinary global symmetry of the theory. V˜I(0) = e
iBI(0) (or alternatively
V˜I(2π) = e
iBI(2π)) realize a central extension of Zn1×Zn2 . Its Zn1
K
×Zn2
K
subgroup generated
by V˜I(0)
K (or alternatively V˜I(2π)
K) does not have a central extension and is identified
with the one-form symmetry we saw in the bulk. Finally, U˜I = e
iaI transform under the
symmetry generated by V˜I = e
iBI and V˜I transform under the symmetry generated by U˜I .
Free boundary conditions. Alternatively, we can study the system with free boundary
conditions. If we do that with the action (A.1), we derive the boundary equation of motion
B
∣∣ = 0. Therefore, in order to have A∣∣ = 0 as a result of a boundary equation of motion,
we add the boundary term
i
2π
∫
∂M
(n1B1A1 + n2B2A2) . (A.38)
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This added boundary term (A.38) can be interpreted as replacing the first two term
nIBIdAI in the action (A.1) with −nIdBIAI (integration by parts). As with Dirichlet
boundary conditions, we still need to assume that the gauge parameters fI vanish at
the boundary. The analysis of this system is identical to the discussion with Dirichlet
boundary conditions.
One might want to extend the U(1) × U(1) gauge symmetry to the boundary. To do
that, we note that under a gauge transformation the action (A.1) plus (A.38) is shifted by
i
2π
∫
∂M
(
p lcm(n1, n2)f1df2 + nIBIdfI
)
. (A.39)
In order to cancel it we need to add some Stueckelberg fields on the boundary. One can
regard the boundary theory as having a gauge anomaly, which is canceled by the anomaly
inflow from the bulk.
Since the gauge group is U(1)×U(1), we add a pair of 2π-periodic scalars φ1, φ2 with
gauge transformations
φI → φI − fI (A.40)
and the action
Sbdry =
i
2π
∫
∂M
(plcm(n1, n2)φ1dφ2 + nIBI(dφI +AI)) , (A.41)
where we included here the term (A.38). With the added degrees of freedom the boundary
equations of motion of BI does not set A
∣∣ to zero but to a pure gauge
dφI +AI
∣∣ = 0 . (A.42)
It is important that the bulk action (A.1) together with the boundary action (A.41)
are consistent with the field identifications under shifts by 2π and are also invariant under
the global symmetry that shifts BI (the action depends only on dBI).
We can add to the boundary theory (A.41) additional terms constructed out of the
gauge invariant combinations
(
plcm(n1, n2)ǫIJφJ − nIBI
∣∣) and (dφI +AI ∣∣). One such
possibility is to replace Sbdry (A.41) by
i
2π
plcm(n1, n2)
∫
∂M
(−φ1dφ2 − ǫIJφIAJ) . (A.43)
This action was studied and analyzed in [11]. Unlike our system, it is equivalent to the
Dirichlet boundary conditions B
∣∣ = 0 rather than A∣∣ = 0 and therefore it breaks the global
discrete symmetry.
The analysis of the operators in the theory with the boundary terms (A.41) is virtually
identical to that with Dirichlet boundary conditions (A.26), (A.27). These operators are
made gauge invariant using φI :
U˜I(γ) = e
−iφI(P)ei
∫
P
′
P
AIeiφI(P
′)
V˜I(P) = e
iBI(P) e−iǫIJ
nJP
K
φJ (P) . (A.44)
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We can also use canonical quantization of the theory on a strip. As in the discussion
around (A.28), we pick axial gauge in the bulk (leaving the gauge fields along the boundaries
AI(0) and AI(2π) unfixed) and find the effective quantum mechanical action
Seff =
i
2π
∫
dt
(
n1
(
B1(0)−
n2P
K
φ2(0)
)
∂0
(
a1 − φ1(0) + φ1(2π)
)
+n2
(
B2(2π) +
n1P
K
φ1(2π)
)
∂0
(
a2 − φ2(0) + φ2(2π)
))
. (A.45)
Even though this Lagrangian is independent of AI(0) and AI(2π), it is is invariant under
gauge symmetries with fI(0) and fI(2π). Therefore, we can easily fix the gauge φI(0) =
φI(2π) to find the same problem we had with Dirichlet boundary conditions (A.28).
As expected, the canonical quantization on the strip with free boundary conditions is
identical to that with Dirichlet boundary conditions.
B Zn topological 2-form gauge theory in 4d
In this appendix we review and extend the discussion of [11] of a Zn topological 2-form
gauge theory in 4d. Since many of the points are discussed in [11] and others are very
similar to the 2d example in appendix A, we will be rather brief.
Following [10, 11, 58] we take the action
S =
in
2π
∫
B ∧ dA+
ipn
4π
∫
B ∧B , (B.1)
where A is a one-form gauge field, B is a 2-form gauge field, and n and p are integers. The
system is invariant under zero-form gauge transformations of A as well as the one-form
gauge symmetry
B → B + dλ, A→ A− pλ . (B.2)
The action (B.1) is gauge-invariant on an arbitrary 4-manifold provided
np
2
∈ Z . (B.3)
If we only allow spin manifolds, p can be an arbitrary integer. There is also a periodic
identification of the parameter p.
p ∼ p+ 2n (B.4)
on a general 4-manifold and
p ∼ p+ n (B.5)
on a spin 4-manifold.
We will find it convenient to define
L = gcd(n, p)
K =
n
gcd(n, p)
. (B.6)
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For p = 0 this system is equivalent to a Zn gauge theory [13, 35]. It has both a
one-form and a two-form Zn global symmetries, which shift A and B respectively. As in
appendix A, we would like to understand the fate of these symmetries for nonzero p.
The theory has surface operators generated by
U(Σ) = exp
(
i
∮
Σ
B
)
. (B.7)
They satisfy
UL = 1 . (B.8)
The genuine line operators are generated by
V (γ) = exp
(
iK
∮
γ
A
)
, (B.9)
where we suppressed a trivial surface bound by γ. It satisfies
V L = 1 . (B.10)
These line and surfaces and their correlation functions are identical to a ZL gauge theory.
They realize a Zn/ZK = ZL one-form global symmetry (the quotient is done by the rela-
tion (B.8)) and a ZL ⊂ Zn two-form global symmetry (the restriction to the subgroup is a
result of the fact that the basic Wilson line exp(i
∮
A) is not gauge invariant).
This restriction of the global symmetries can be interpreted as gauging a K = ZK ⊂ Zn
of the one-form global symmetry. As in the 2d example of appendix A, this system can be
the low energy approximation of a UV system with a global Zn one-form symmetry, which
is spontaneously broken to K = ZK . The low energy theory describes only the quotient
Zn/ZK = ZL.
On a manifold M with a boundary ∂M we need to set boundary conditions. With
Dirichlet boundary conditions we have the option of setting A
∣∣ = 0, which preserves the
two-form global symmetry or B
∣∣ = 0, which preserves the one-form global symmetry. We
choose the second option B
∣∣ = 0. This restricts the one-form gauge symmetry (B.2) to be
trivial along the boundary, but the zero-form gauge symmetry of A is not affected.
With these boundary conditions we have new boundary operators. We can have surface
operators in the bulk, which end on a line γ on the boundary ∂M
U˜(Σ) = exp
(
i
∫
Σ
B
)
, ∂Σ = γ ∈ ∂M . (B.11)
We can also have line operators
W (γ) = exp
(
i
∮
γ
A
)
, γ ∈ ∂M . (B.12)
Since the one-form gauge parameter λ vanishes on ∂M, these operators are gauge invariant.
The operator U˜(Σ)L is interesting. Because of (B.8), the dependence on Σ in the bulk is
trivial and hence it is a genuine line operator
V˜ (γ) = U˜(Σ)L . (B.13)
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Furthermore
V˜ (γ)
p
L = U˜(Σ)p =W (γ)−1 , (B.14)
where we used the fact that in the bulk an open surface exp(ip
∫
B + i
∮
A) is trivial.
Therefore, the line operators V˜ (γ) generate all genuine line operators in the boundary.
Finally the limit of the genuine bulk operators V (γ) = exp(iK
∮
γ A) as it approaches the
boundary can be identified as
V (γ) =W (γ)K = V˜ (γ)−
pK
L . (B.15)
As in appendix A (and in [11]), we can add Stueckelberg fields a to restore the one-form
gauge symmetry on the boundary. We take the boundary action
Sbdry =
i
2π
∫
∂M
(
−
np
2
ada+ nadA
)
, (B.16)
and then the full system is gauge invariant provided the gauge transformation (B.2) acts
also on a
a→ a− λ . (B.17)
This allows us to express the boundary operators (B.11), (B.12), (B.13) in a fully gauge
invariant way
U˜(Σ) = exp
(
i
∮
γ
a+ i
∫
Σ
B
)
W (γ) = exp
(
i
∮
γ
A− ip
∮
a
)
V˜ (γ) = U˜(Σ)L = exp
(
iL
∮
γ
a+ iL
∫
Σ
B
)
. (B.18)
This presentation makes it easy to explore their correlation functions. The first term
in (B.16) leads to
〈V˜ (γ)sV˜ (γ′)s
′
〉 = exp
(
4πiℓ(γ, γ′)ss′L2
np
)
, (B.19)
where ℓ(γ, γ′) is the linking number. As a check, V˜
pK
L = V˜
pn
L2 is central — its correlation
functions are not subject to the braiding. Indeed, because of (B.15) it can smoothly move
to the bulk and get un-braided. Also, it is clear that we have the relation
V˜ pn/L = 1 . (B.20)
More about the theory on compact M. For general p, the structure of the bulk
observables in this Zn topological 2-form gauge theory is very similar to that of an ordinary
one-form topological gauge theory with gauge group ZL. Nevertheless, the two theories are
not equivalent, as the above discussion of the boundary conditions shows. It is interesting
to compare the partition functions of the two theories on a closed 4-manifold M. Recall
first of all that the partition function of the one-form ZL gauge theory is
Z(1)(M,ZL) =
|H1(M,ZL)|
|H0(M,ZL)|
. (B.21)
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The denominator is the standard normalization factor (the order of the gauge group). The
partition function of the 2-form gauge theory is easy to evaluate for p = 0. One simply
counts the number of inequivalent flat 2-connections, divides by the number of global one-
form gauge symmetries, and multiplies by the number of symmetries. In this way one gets
Z(2)(M,Zn, p = 0) =
|H2(M,Zn)||H
0(M,Zn)|
|H1(M,Zn)|
. (B.22)
Comparing with (B.21) for L = n, we see that
Z(2)(M,Zn, p = 0) = n
χ(M)Z(1)(M,Zn), (B.23)
where χ(M) is the Euler characteristic of M. While the two partition functions are not
the same, they differ by a factor which is an exponential of a local geometric term (the
integral of the Euler density).
For p 6= 0 the computation is more involved. The partition function of the 2-form
gauge theory is
Z(2)(M,Zn, p) =
|H0(M,Zn)|
|H1(M,Zn)|
∑
B∈H2(M,Zn)
exp
(
2πi
∫
M
Pσ(B)
)
, (B.24)
where Pσ : H
2(M,Zn)→ H
4(M,R/Z) is the Pontryagin square operation corresponding
to the quadratic function
σ : Zn → R/Z, σ : x 7→
px2
2n
. (B.25)
Since the Pontryagin square is a quadratic operation, the partition function is proportional
to a Gauss sum over H2(M,Zn). The evaluation of such Gauss sums is a standard problem
in number theory and topology. For simplicity, let us consider the case when the integral
cohomology has no torsion. The quadratic function in the exponential takes the form∑
a
p
2n
(Ba)2Iaa +
∑
a<b
p
n
BaBbIab, (B.26)
where a labels a basis of integral 2-cycles, Ba are integers modulo n, and Iab is the inter-
section form of M. It turns out that if both the integers K and p/L = p/gcd(n, p) and
the form Iab are odd, the Gauss sum vanishes. Indeed, suppose Iaa is odd for some a and
K and p/L are also odd. Then shifting Ba 7→ Ba + K shifts the quadratic function by
1/2, which means that the terms in the Gauss sum related by such a shift cancel pairwise.
Suppose now that either the form Iab is even (which happens if M is a spin manifold) or
K is even, or p/L is even. Then the shift Ba 7→ Ba + K for any a leaves the quadratic
function unchanged (modulo integers). Therefore, the Gauss sum becomes |H2(M,ZL)|
times a similar Gauss sum over H2(M,ZK). The quadratic function on H
2(M,ZK) has a
non-degenerate associated bilinear form, which implies [59] that the Gauss sum is equal to√
|H2(M,ZK)| exp(2πiσ(M)/8). (B.27)
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Note that the signature of a spin 4-manifold is always divisible by 16, so the phase of the
partition function is nontrivial only for a non-spin manifolds (see appendix E). Putting all
of this together, we find (in the torsionless case):
Z(2)(M,Zn, p) = K
χ(M)/2Lχ(M)eiσ(M)/8
|H1(M,ZL)|
|H0(M,ZL)|
. (B.28)
Thus, unless K, p/L and Iab are all odd, the partition function agrees with the partition
function of the ZL topological one-form gauge theory up to local geometric counterterms.
It might appear peculiar that for odd K and p/L the partition function of the Zn
2-form gauge theory agrees with that of the ZL one-form gauge theory on spin manifolds,
but not in general. This disagreement is ultimately due to the fact that the ZL one-form
gauge theory has ZL one-form global symmetry, but for odd K and p/L the 2-form gauge
theory has only ZL/2 one-form global symmetry. (Using that fact that np must be even, it
is easy to see that if K and p/L are odd, L is even.) We exploited the non-invariance of
the action (B.26) under ZL one-form global symmetry to argue that the partition function
vanishes on a non-spin manifold. One can bring the two theories in agreement by modifying
the action of the 2-form gauge theory by a term
iπ
∫
M
w2 ∪B2, (B.29)
where B2 ∈ H2(M,Z2) is a reduction of B modulo 2, and w2 ∈ H2(M,Z2) is the 2nd
Stiefel-Whitney class of M. By Wu’s formula, this is the same as iπ
∫
MB2 ∪ B2, and it
is easy to see that the additional term restores the ZL one-form global symmetry for all
manifolds.
C SU(N)/Zk
Our goal is to construct the SU(N)/Zk in terms of continuum fields and to identify its
operators and its global symmetry. We will construct the theory in two ways. First, we
will start with an SU(N) theory with its ZN one-form electric global symmetry and gauge
a Zk subgroup of it. The second construction will start with an SU(N)/ZN theory with
its ZN one-form magnetic global symmetry and will gauge a ZN/k subgroup of it.
We follow [11] and construct the theory by starting with a
G =
SU(N)×U(1)
Zk
(C.1)
gauge theory with gauge field
a+
1
k
A˜1 , (C.2)
where 1 a unit matrix and a is traceless. Next, we remove the U(1) degrees of freedom by
imposing a one-form gauge symmetry
A˜→ A˜− kλ (C.3)
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with λ a properly normalized U(1) gauge field and k is a divisor of N . (In [11] only the
special case k = N was discussed.)
In this theory the magnetic flux through the closed two-surface M (2) is
∮
M(2) dA˜ and
because of the gauge symmetry (C.3) only
e
im
k
∮
M(2)
dA˜ m ∈ Z (C.4)
are meaningful. They lead to a global one-form magnetic Zk symmetry.
We can also add to the action the Pontryagin square term
ip
4πk
dA˜ ∧ dA˜ , (C.5)
where gauge invariance under (C.3) demands that p is an integer and p ∼ p + k. (For
simplicity we assume that our spacetime is spin. Otherwise the conditions are slightly
more complicated.)
Because of the one-form gauge symmetry (C.3) the fundamental Wilson loop needs a
surface Σ with ∂Σ = γ
Wf (γ,Σ) =
(
TrfPe
i
∮
γ a
)
e
i
k
∮
γ A˜e−
i
k
∫
Σ dA˜ =WGf (γ) e
− i
k
∫
Σ dA˜ (C.6)
It is convenient to introduce a gauge field B for the one-form gauge symmetry (C.3)
B → B + dλ (C.7)
and to add to the Lagrangian
i
2π
F ∧ (dA˜+ kB) +
ipk
4π
B ∧B , (C.8)
where F is a two-form Lagrange multiplier that transforms as
F → F − pdλ . (C.9)
We can also integrate out A˜ and express the answer in terms of the dual gauge field A such
that F = dA with
A→ A− pλ . (C.10)
This turns (C.8) to
ik
2π
B ∧ dA+
ipk
4π
B ∧B , (C.11)
which is identified as a Zk gauge theory.
In this presentation the basic surface operator in (C.4) can be written as
UM (M (2)) = e
i
k
∮
M(2)
dA˜ = ei
∮
M(2)
B (C.12)
and it is clear from (C.11) that
UM (M (2))k = 1 . (C.13)
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Also, the Wilson operator (C.6) can be written as
Wf (γ,Σ) =W
G
f (γ) e
i
∫
Σ B (C.14)
and it is clear that
V (γ) =Wf (γ,Σ)
k (C.15)
is a genuine line operator; i.e. it is independent of Σ.
The ’t Hooft line is expressed in terms of A as
T (γ,Σ) = ei
∮
γ Aeip
∫
ΣB , (C.16)
where again, we need the surface Σ. Using dA˜ = −kB in (C.6) we see that the dyonic line
D(γ) = T (γ,Σ)Wf (γ,Σ)
−p (C.17)
is a genuine line operator, which is independent of Σ.
Another perspective on this construction can be obtained by starting with an
SU(N)/ZN theory. This theory can be described by starting with a U(N) gauge theory
(k = N above) with the U(1) ⊂ U(N) gauge field Â with the one-form gauge symmetry
Â→ Â−Nλ [11]. This theory has a global one-form ZN symmetry generated by e
i
N
∮
dÂ.
The SU(N)/Zk theory is obtained by gauging a ZN/k subgroup it. As in (7.17) of [11], we
do it by adding to the Lagrangian
iN
2πk
B˜ ∧ dA˜+
1
2π
B˜ ∧ dÂ . (C.18)
Here A˜ and Â are properly normalized U(1) gauge fields and B˜ is a properly normalized
two-form gauge field. The first term in (C.18) is the ZN/k gauge theory and the second term
couples it to the SU(N)/ZN theory. The field B˜ is a Lagrange multiplier implementing the
constraint Nk dA˜ = dÂ, which has the effect of restricting the periods
∮
dÂ to be multiples
of N/k and directly leads to (C.2) and to our construction above. Note that the one-form
gauge symmetry (C.3) also follows from the invariance of (C.18).
Let us discuss the global one-form symmetries of these theories. Electric surface oper-
ators can be constructed out of the SU(N) degrees of freedom. When the gauge group is
SU(N), the fundamental Wilson loop (C.6), (C.14) is a genuine line and the basic electric
surface operator UE acts on it with a phase e2πi/N , and so UE generates a one-form global
ZN symmetry. The magnetic operator, U
M in (C.12), is trivial in this theory. In the
SU(N)/ZN theory, U
M generates a ZN symmetry, while U
E is trivial. In a general theory,
the Nth powers of UE and UM are always trivial, and the one-form symmetry group is
given by the quotient of the ZN × ZN group they generate by the subgroup which acts
trivially on the genuine lines.
To describe this quotient for the SU(N)/Zk theory with discrete theta angle p, it is
convenient to write the following matrix, whose columns generate the lattice of charges in
ZN × ZN of the genuine lines: (
k p
0 N/k
)
(C.19)
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The one-form symmetry group of the theory will then be the quotient of ZN × ZN by the
group generated by the columns of this matrix. The matrix can be put into Smith normal
form by multiplying it from the left and the right by two SL(2,Z) matrices. This does
not affect the resulting quotient group. After doing this it becomes diagonal with entries
gcd(k,N/k, p) and N/gcd(k,N/k, p). Thus the one-form symmetry group of this theory is:
Zgcd(k,N/k,p) × ZN/gcd(k,N/k,p) . (C.20)
D Super Yang Mills with adjoint matter
In this appendix we review the analysis of [20] in our language. These authors studied a
supersymmetric U(N) gauge theory with matter fields Φ in the adjoint representation and
with a superpotential W = TrP (Φ) with P (Φ) a polynomial. For simplicity, we take it to
be a generic cubic with critical points a and b. Semiclassically, the vacua are characterized
by two integers N1 and N2, where 〈Φ〉 has N1 eigenvalues equal to a and N2 eigenvalues
equal to b. This expectation value breaks the U(N) gauge symmetry to U(N1) × U(N2).
At lower energies, this U(N1) × U(N2) gauge theory becomes strongly coupled and it has
N1N2 vacua labeled by k1 = 0, 2, . . . , N1 − 1 and k2 = 0, 2, . . . , N2 − 1. The low energy
degrees of freedom are U(1)×U(1) gauge fields.
Our goal is to identify the higher form global symmetries and their breaking in the
various vacua.
This theory has an electric U(1) one-form global symmetry and a magnetic U(1) one-
form global symmetry. The order parameters of this symmetry are WneHnm with W and
H the Wilson and ’t Hooft loops. If instead, the gauge group is SU(N), then the one-form
electric symmetry is ZN and the magnetic one-form symmetry is absent. In this case we can
limit ourselves to operators with ne = 0, . . . , N−1. Operators with other values of ne trans-
form as these and have the same long distance behavior. Furthermore, only operators with
nm = 0 are genuine line operators and the operators with nm = 1, . . . , N−1 need a surface.
Let us examine the behavior of the various loops in the N1N2 vacua. First, it is clear
that WN1 and WN2 cannot have an area law. These operators include contributions from
SU(N1)× SU(N2) singlet representations, which are not confined. Hence, these operators
exhibit perimeter law or Coulomb behavior. It follows thatW gcd(N1,N2) is also not confined.
Correspondingly, the electric symmetry is broken at least to Zgcd(N1,N2). This was described
in [20] as electric screening.
Second, in the vacuum labeled by (k1, k2) certain dyons condense. The condensed dyons
in the SU(N1) sector have charges aligned with (a component of)W
k1H and the condensed
dyons in the SU(N2) sector have charges aligned with (a component of) W
k2H. Therefore,
these two operators are also not confined. Hence, (W k1H)(W k2H)−1 =W k1−k2 is also not
confined. This has the effect of further breaking the Zgcd(N1,N2) electric one-form symmetry
to Zt=gcd(N1,N2,k1−k2). In addition, the non-confining behavior of W
k1H completely breaks
the magnetic one-form symmetry. This was described in [20] as magnetic screening.
We conclude that the only loops with area law are Wn with n = 1, . . . , t− 1 and they
realize the unbroken Zt one-form symmetry.
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If the gauge group is SU(N) the previous discussion still applies. The operatorsW k1H
andW k2H need a surface, but the operator (W k1H)(W k2H)−1 =W k1−k2 is a genuine line.
In this case the electric one-form symmetry is ZN and it is spontaneously broken to Zt.
In [20] the integer t was described as the confinement index — the smallest integer
such that W t does not exhibit area law. From our perspective, this is the order of the
unbroken one-form symmetry.
As emphasized in [20], a vacuum where semiclassically U(N) is broken to U(N1) ×
U(N2) can be continuously deformed to a vacuum where semiclassically U(N)→ U(N˜1)×
U(N˜2), but the integer t should be the same in these vacua. The unbroken Zt global
symmetry cannot change under duality.
E Non-Abelian gauge theory on non-spin four-manifolds
In section 4 we discussed gauging one-form symmetry Γ ⊂ Z(G) of a non-Abelian gauge
theory with gauge group G. We argued that different choices of gauging can be encoded
in a choice of a bilinear form η : Γ × Γ → U(1). In fact, this is imprecise: on a non-spin
manifold X one needs to specify a quadratic refinement of η, i.e. a function σ : Γ → U(1)
such that σ(nγ) = n2σ(γ) for any γ ∈ Γ and
σ(γ + γ′) = σ(γ) + σ(γ′) + η(γ, γ′). (E.1)
This was explained in [10, 16] by interpreting the gauging procedure as coupling the non-
Abelian gauge theory to a 4d topological gauge theory with a one-form symmetry Γ.
We can also see this using the formulation in terms of topological defects Uγ , γ ∈ Γ,
implementing the one-form symmetry transformations. These defects are localized on
codimension 2 submanifolds of X, and in the absence of ’t Hooft anomalies a background
2-form gauge field can be represented by a network of such defects. Generically two defects
Uγ and Uγ′ intersect at points, and when computing the partition function one needs to
choose a phase for each such point. This phase is nothing but exp(2πiη(γ, γ′)). Indeed,
we can excise a small disk on Uγ at the expense of inserting a line with magnetic charge γ
and electric charge η(γ, ·). This line winds around Uγ′ and thus its insertion amount to a
phase factor exp(2πiη(γ, γ′)).
Assuming for simplicity that the homology of X has no torsion, we can choose a basis
of 2-cycles ℓa with intersection form Iab. Then a 2-form gauge field B ∈ H
2(X,Γ) can be
represented by its periods Ba ∈ Γ , and the above phase factor can be written as
expπi
∑
a,b
Iabη(B
a, Bb)
 (E.2)
Here the summation is over all a, b, including a = b, since a 2-cycle ℓa can have self-
intersections. It is clear now that the partition function may have a sign ambiguity, precisely
because the self-intersection numbers may be odd. If the intersection form Iab is even
(which happens for spin manifolds), this does not happen, and the partition function is
well-defined. In general, we need to specify the numbers η(Ba, Ba) modulo even integers
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rather than modulo integers. This is equivalent to choosing a quadratic refinement of η:
we simply set σ(γ) = 12η(γ, γ). It is easy to see that σ is a quadratic refinement of η.
In this discussion we have neglected torsion in (co)homology; this restriction can be
removed as follows. In general, a Γ-valued 2-form gauge field on X is a 2-cocycle B ∈
C2(X,Γ). We can use either Cˇech or simplicial cocycles. Gauge symmetry can shift
this cocycle by an arbitrary exact cocycle, so gauge-invariant information is contained
in a cohomology class [B] ∈ H2(X,Γ). The phase factor must be an integral of some
element H4(X,R/Z), which is quadratic in B and changes by an exact cocycle under
gauge transformations. Such quadratic expressions can be classified and have the form∫
X
Pσ(B), (E.3)
where Pσ : H
2(X,Γ) → H4(X,R/Z) is a certain quadratic cohomology operation on
H2(X,Γ) depending on σ called the Pontryagin square. It is completely characterized by
the above properties plus the requirement
Pσ(B +B
′)−Pσ(B)−Pσ(B
′) = η(B,∪B′). (E.4)
In the absence of torsion there is a simple formula for Pσ. In this case we have H
2(X,Γ) =
H2(X,Z)⊗ Γ, and thus we can represent B by its periods Ba ∈ Γ along a basis of integral
2-cycles ℓa. Then we have
Pσ(B) =
∑
a
σ(Ba)ℓ̂a ∪ ℓ̂a +
∑
a<b
η(Ba, Bb)ℓ̂a ∪ ℓ̂b, (E.5)
where ℓ̂a is a basis in H
2(X,Z) dual to the basis ℓa in H2(X,Z).
F Non-commuting fluxes
In this appendix we make a connection to the works [21, 22], which discussed the quantiza-
tion of the free U(1) gauge theory in four dimensions. These authors placed the theory on
M3×R and viewed R as time. Then they constructed operators that measure discrete elec-
tric and magnetic fluxes and found that when M3 contains torsion cycles, these operators
do not always commute. We would like to understand this in the language of Ug defects.
Recall that this theory has U(1) electric and magnetic 1-form U(1) symmetries. From
the discussion in section 3, we can construct unitary operators UE(α) and UM (α) imple-
menting these symmetries for each α ∈ H1(M3,U(1)). The latter group is Pontryagin-dual
to H2(M3,Z), and so the eigenvalues of these operators take values in this group. These
eigenvalues are precisely the discrete electric and magnetic fluxes of [21, 22]. For example,
the magnetic flux is given by the first Chern class of the U(1) bundle in which a given
wavefunction is supported and takes values in H2(M3,Z).
An important observation of [21, 22] was that there is not, in general, a simultaneous
grading of the Hilbert space by these fluxes. In other words, the operators UE(α) and
UM (β) need not commute. Rather, one has (eq. (1.21) in [21]):
UE(α)UM (β) = 〈φ(α), β〉UM (β)UE(α) (F.1)
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Here φ : H1(M3,U(1))→ H
2(M3,Z) is the Bockstein homomorphism, which is defined as
follows. Let us choose a lift of α to a cochain in C1(M3,R). The coboundary of this cochain
must project to zero in C2(M3,R/Z) and so is valued in C
2(M3,Z). It is clearly closed, and
one can check that this procedure defines uniquely a cohomology class φ(α) in H2(M3,Z).
In fact the image of φ can be checked to be contained in the torsion subgroup ofH2(M3,Z).
To give a concrete example, supposeM3 contains a single torsion cycle γ of order r, e.g.
M3 = S
3/Zr. Then H1(M3,Z) ≃ H
2(M3,Z) ≃ Zr. The cycle γ generating H1(M3,Z)
is not a boundary, but rγ is, so that there is a surface Σ whose boundary wraps r times
around γ. If α(γ) = g ∈ U(1), we must have gr = 1. That is, if we identify U(1) with R/Z,
we must have α(γ) = k/r, where k is an integer defined modulo r. The integral 2-cocycle
φ(α) assigns k to the 2-chain Σ. Although k is defined modulo r, the corresponding class
in H2(M3,Z) is well-defined, thanks to the relation ∂Σ = rγ. The Poincare-dual 1-cycle
is homologous to kγ in this case.
In the language of topological defects, an operator UE(α) is represented by a network
of codimension-1 defects in M3, with one-dimensional junctions. In the above example,
the network consists of a single surface Σ, while the junction is along γ. Objects charged
under electric and magnetic one-form symmetries are electric and magnetic loops in M3.
The commutation relation (F.1) can be interpreted as the statement that junctions in
the electric network are charged under magnetic one-form symmetry, and vice versa. In
the above example, an electric defect UE(Σ, k) labeled by k ∈ Z/rZ has magnetic charge
k[γ] ∈ H1(M3,Z). According to the discussion in section 3, this signals that U(1) × U(1)
global one-form symmetry has a mixed ’t Hooft anomaly.
In order to show that this phenomenon is not specific to free field theories, we demon-
strate it in a non-Abelian gauge theory. Specifically, we study an su(4) gauge theory
and consider several distinct theories: SU(4) with the genuine lines generated by W ,
(SU(4)/Z4)p=0,1,2,3 with the genuine lines generated by HW
p, (SU(4)/Z2)− with the gen-
uine lines generated by H2W and (SU(4)/Z2)+ with the genuine lines generated by W
2
and H2 [15]. The global one-form symmetries of the SU(4), (SU(4)/Z4)p and (SU(4)/Z2)−
theories is Z4 generated by U
E , UM and UE respectively. And the one-form symmetry of
the (SU(4)/Z2)+ theory is Z2 × Z2 generated by U
E and UM .
Next, we place these theories on the spatial manifold M3 = S
3/Zr and construct
the Hilbert space. For r = 4 we can construct generators of the global symmetries out
of an open version of the generators UE or UM on the open surface Σ whose boundary
∂Σ = 4γ with γ the nontrivial one cycle of S3/Z4. The charge operator is constructed by
appropriate gluing along γ. These generators generate the Z4 or Z2 ×Z2 symmetry. In all
these theories we find four sectors in the Hilbert space [60] transforming under the different
representations of their corresponding global symmetries.
The situation with r = 2 is different. In the SU(4), (SU(4)/Z4)p and (SU(4)/Z2)−
theories we cannot construct generators using UE or UM , because in order to make them
topological we need to attach to them H2(γ) or W 2(γ), but these are not genuine lines
in these theories. Instead, we can consider only operators constructed out of (UE)2 and
(UM )2 and therefore the global symmetry is only Z2 and correspondingly, there are only
two sectors in the Hilbert space [60]. In the (SU(4)/Z2)+ theory we can construct symmetry
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generators using OE = UE(Σ)H2(γ) and OM = UM (Σ)W 2(γ) because W 2 and H2 are
genuine lines in this theory. As in [21, 22], these operators satisfy a central extension
of Z2 × Z2; i.e. the discrete electric and magnetic fluxes do not commute. Indeed, the
analysis of [60] shows that if we diagonalize the magnetic flux the Hilbert space of the
theory contains only two sectors.
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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